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1. Introduction 

Let n — £ + 3 > 4:, and let 9Jto,n denote the moduli space of curves of genus 
with n marked points. There is a smooth compactification 3Ho,n, defined by 
Deligne, Knudsen and Mumford, such that the complement 

is a normal crossing divisor. Let A,Bc 9Jlo,n\9^o,Ti denote two sets of boundary 
divisors which share no irreducible components. In [G-M], Goncharov and Manin 
show that the relative cohomology group 

(1.1) H'imo,n\AB\BnA) 

defines a mixed Tate motive which is unramified over Z. 

On the other hand, let ni, . . . , G N, and suppose that > 2. The multiple 
zeta value CC^^ij ■ ■ • j ^r) is the real number defined by the convergent sum 

(1-2) ({ni,...,nr)^ l,ni ^ i,nr " 

ft/1 ... tZf 
0<ki<...<kr ^ 

Its weight is the quantity ni + . . . + and its depth is the number of indices r. We 
will say that the period 2i7r has weight 1. A very general conjecture [Gol] claims 
that the periods of any mixed Tate motive unramified over Z are multiple zeta 
values. In the case of the motives (II. 1|) arising from moduli spaces, this says the 
following. Consider a real smooth compact submanifold Xb C 2Ho,ri of dimension £, 
whose boundary is contained in B and which does not meet A. It represents a class 
in He{dJlo^n, B). Let ijja G il^(9}to,ri\^) denote an algebraic form with singularities 
contained in A. In [G-M], Goncharov and Manin conjecture that the integral 



(1.3) / = / LOA 

JXb 

is a linear combination of multiple zeta values, and proved that every multiple zeta 
value can occur as such a period integral. In this paper, we develop some general 
methods for computing periods and prove this conjecture as an application. 

Theorem 1.1. The integral I is a Q[27ri]-Zmear combination of multiple zeta values 
of weight at most £. 

This theorem thus lends significant weight to the conjecture on the periods of 
all mixed Tate motives which are unramified over Z. 

The rough idea of our method is as follows. The set of real points 9Jto,n(Ili) is 
tesselated by a number of open cells X„ which can naturally be identified with a 
Stasheff polytope, or associahedron. We can reduce to the case where the domain of 
integration in (|1.3|l is a single cell X„. The key is then to apply a version of Stokes' 
theorem to the closed polytope X„ C 97to,n(JK)- Since each face of Xn is itself a 
product of associahedra Xa x Xb, we repeatedly take primitives to obtain a cascade 
of integrals over associahedra of smaller and smaller dimension. In order to do this, 
we need to construct a graded algebra L(9Jlo.n) of multiple polylogarithm functions 
on 9Jto,n in which primitives exist. At each stage of the induction, the dimension 
of the domain of integration decreases by one, and the weight of the integrand 
increases by one. At the final stage, we evaluate a multiple polylogarithm at the 
point 1, and this gives a linear combination of multiple zeta values. This gives 
an effective algorithm for computing such integrals. Our approach also works in 
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greater generality, and our results should extend without difficulty, for example, to 
the case of configuration spaces related to other Coxeter groups. 

1.1. General overview. This paper is essentially a study of the de Rham theory 
of the motivic fundamental group of 9Jlo.n- Previously, the focus has mainly been 
on the projective line minus roots of unity and its products: in particular, 97lo,4 — 
Pi\{0,l,oo} and 071^ 4 ([Del], [D-G], [Gol-2], [Ra]). The advantage of considering 
the moduli spaces 2Jlo,n is that we can bring to bear the full richness of their 
geometry. We show, for example, that the double shuffle relations for multiple zeta 
values are just two special cases of generalised product relations arising naturally 
from functorial maps between moduli spaces. An essential part of this work is 
devoted to multiple polylogarithms, which are functions first defined by Goncharov 
for all ni, . . . , £ N by the power series: 



By analytic continuation, they define multi- valued functions on 37lo,n, where n — 
^ + 3. One of our main objects of study in this paper is the larger set L(S[Tlo,„) of 
all homotopy- invariant iterated integrals on 2Jlo.n- It forms a differential algebra 
of multi- valued functions on 9Jlo,nj in which the set of functions (|1.4|) is strictly 
contained. From the point of view of differential Galois theory, _L(9Jlo,n) defines a 
maximal unipotent Picard-Vessiot theory on 97to,Ti- We then define the universal 
algebra of multiple polylogarithms i3(9Jlo.„) to be a modified version of Chen's 
reduced bar construction. It is a differential graded Hopf algebra which is an 
abstract algebraic version of L(9Jlo,n)- One of our key results states that the de 
Rham cohomology of i?(37lo,„) is trivial. From this we deduce the existence of 
primitives in L(37lo,n). We also need to understand the regularised restriction of 
polylogarithms to the faces of X„. This requires a canonical regularisation theorem, 
and amounts to studying what happens when singularities of an iterated integral 
collide. We are thus led to work on certain blow-ups of 97lo,n, described below. It 
follows that the structure of L(S[)To,n), and hence the function theory of multiple 
polylogarithms, is intimately related to the combinatorics of the associahedron. 

1.2. Detailed summary of results. In section 2 we review some aspects of the 
geometry of the moduli spaces 97to.n, and study certain blow-ups obtained from 
them. Let S denote a set with n elements, each labelling a marked point on the 
projective line P^, and write 37to.s = 97lo,n- A dihedral structure on S is an iden- 
tification of S with the set of edges (or vertices) of an unoriented n-gon. For each 
such dihedral structure 5, we embed 07lo,5 in the affine space A^, where ^ = n — 3, 
and blow up parts of the boundary in A^\9Jlo.s to obtain an intermediary space 



where OJIq 5 is an affine scheme defined over Z. We prove that the set of 97to S' '^'-"^ 
varying (5, form a set of smooth affine charts on OJlo,s. In order to define them, we 
introduce dihedral coordinates, which are one of the key tools used throughout this 
paper. These are functions 



(1.4) 




where jxij < 1 . 



P^\{0, 1, 00} , where {ij} G xs,s , 
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indexed by the set of chords xs,s in the n-gon defined by 6. Together, they define 
an embedding (uijOxss • ^o.s — > A"^""'^^/^, and the scheme TIq g is the Zariski 
closure of the image of this map. For example, in the case n = 5, we can identify 
^o,s = {(ii,t2) e Pi X Pi : tM^ - ti){l - t2){ti - t2) ^ 0, ti,t2 ^ oo}. The 
pentagon (S*, 5) has five chords, labelled {13, 24, 35, 41, 52} (fig. 1), and we have 

^1 ^2 — ^1 1 — ^2 

Ul3 = l-il, ""24 = —, U35 = — "41 = -; — , "52 = ^2- 

t2 l2it — Elj i — II 




Figure 1. Dihedral coordinates on 97to,5- The scheme 9Jlo,5 
(right) is defined to be the Zariski closure of the image of the 
embedding {wij} : ^JIq^s > defined by the set of dihedral coor- 
dinates, which are indexed by chords in a pentagon (middle). This 
map has the effect of blowing up the points (0, 0) and (1, 1). A cell 
Xs.f, is given by the region < ii < i2 < 1 (left). After blowing-up 
it becomes a pentagon with sides Fij — {uij — 0}. 



Now consider the set of real points 9Jlo.s(R). There is a bounded cell Xs,s C 
9Jlo,s(K) defined by the region {0 < < 1}. One shows that 9Jlo_s(R) is the 
disjoint union of the open cells Xs^s of dimension £ = n — 3, as 5 runs over the 
set of dihedral structures on S, so a dihedral structure corresponds to choosing a 
connected component of 97lo.s(K). The closure of the cell Xs.s satisfies 

(1.5) Xs,5 = {0 < < 1} c mlsm , 

and 9JIq g\OJto,S is the union of all divisors meeting the boundary of Xs,s- There- 
fore Xs,s is a convex polytope, and its boundary divisors give an explicit algebraic 
model of the associahedron. It is well-known that the combinatorics of the associ- 
ahedron is given by triangulations of polygons. But because dihedral coordinates 
are already defined in terms of polygons, the main combinatorial properties of the 
associahedron, and its dihedral symmetry, follow immediately from properties of 
the coordinates Uij. In particular, the face Fij — {uij — 0} of Xs,s is a product 

(1-6) F,j =Xti,A-i X Xt^^52 , 

where (Ti, (5i), (T2, ^2) are two smaller polygons obtained by cutting the n-gon S 
along the chord (fig. 3, ii2.2|l . In this way, a vertex v of Xs,s corresponds 

to a complete triangulation a of the n-gon by £ chords. We also introduce explicit 
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vertex coordinates xf, . . . ,x2 which are a certain subset of the set of aU dihedral 
coordinates. These form a system of normal parameters in the neighbourhood of 
the vertex v G Xs,s corresponding to a, such that 9^0,5 (1^) C 9Jto,s(M) is locally 
the complement of the normal crossing divisor x" . . .xf = 0. These systems of 
coordinates (in the sense of differential geometry) are precisely what is needed for 
solving differential equations on £DTo,s and regularising logarithmic singularities of 
multiple poly logarithms. 

In section 3 we define an abstract algebra of iterated integrals on DJlo,S using 
a variant of Chen's reduced bar construction. Since this construction exists in far 
greater generality, we consider the complement of an arbitrary affine hyperplane 
arrangement defined over a field k of characteristic 0. So let 

N 

M = AWjHi, 

i=l 

where Hi,. . . , Hn is any set of hyperplanes in A^. Let ti,. . . ,te denote coordinates 

on A^, and let Om denote the ring of regular functions on M. It is a differential 
A:-algebra with respect to the coordinate derivations d/dti, for 1 < i < £. Let 

= ^ , for 1 < i < iV , 

denote the logarithmic 1-form corresponding to Hi, where ai is a defining equation 

for Hi. The version of the bar construction B{M) we consider is defined as follows. 
Let Vm {M) denote the A:- vector space generated by linear combinations of symbols 

(1.7) ^ ci[iJi^\...\(JiJ , ci Gk , 

I=(il,...,im) 

which satisfy the integrability condition: 

(1.8) ^ c/ (g) . . . (8> {uji^ A oJij^i ) (8) . . . (8> =0 for all 1 < j < m . 

We then set B{M) = Om ®k ®m>o Kx(M), where Vo(M) = k. This is a graded 
Hopf algebra over Om which is similar to the zero*'' cohomology group of the 
bar complex studied by Chen [Chi], except that it consists of 1-forms only (see 
also [Hal]). Using the 1-part of the coproduct on B{M), we define the action of £ 
commuting derivations di on B{M), and show that {B{M), dt) defines a differential 
extension of {OM,d/dti). The possibihty of using iterated integrals to construct a 
Picard-Vessiot theory on manifolds was first suggested by Chen [Ch2]. 

Theorem 1.2. B{M) is an infinite unipotent Picard-Vessiot extension of Om- In 
other words, it has no non-trivial differential ideals and its ring of constants is k. 
It is therefore a polynomial algebra. Furthermore, B{M) contains 1-primitives: 

Hhn{B{M)) = . 

It follows that every unipotent extension of B{M) is trivial, and it is the smallest 
extension of Om with this property. Equivalently, B{M) is the limit 

B{M) = lim [/ , 
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where U ranges over all unipotent extensions U of Oi^i . In this sense it is universal, 
and it follows that its differential Galois group is a pro-unipotent group. Now if we 
identify OTq.S with the affine hyperplane configuration 

then we define the universal algebra of polylogarithms on OTq.S to be -B(9Jlo,s)- In 
general, it is difficult to construct words H1.7|l satisfying the integrability condition 
(jf .8(1 since they rapidly become very complicated as the weight increases. In order 
to overcome this problem, we consider two affine hyperplane arrangements, one of 
which fibers linearly over the other. Therefore, let M C and M' C A^"^ denote 
two affine arrangements, and consider a linear projection 

TT : M ^ M' 

with constant fibres where F is the affine line A^ minus a number of marked 
points. We then prove that there is a tensor product decomposition 

B{M)^B{M')®o,,, Bm'{F) , 

where Bm'{F) is a free shuffle algebra which can be described explicitly. In the 
case of moduli spaces OTq.s, we apply this argument to the fibration map: 

9Jlo,„ mo,„-i 

and use induction to deduce that B{'SJlo,s) is a tensor product of free shuffle alge- 
bras. As a result, one can write down a basis for i?(9Jlo,s), and one deduces that 
the higher cohomology groups of i3(9Jlo,s) vanish. 

Theorem 1.3. The de Rham cohomology o/i?(9Jlo.s) *s trivial: 

Woj^iBiMo^s)) = for all i>l . 

A similar result holds for any hyperplane arrangement of fiber type, i.e., one which 
can be obtained as a sequence of such fibrations. In an appendix we also prove 
that H^^{B{M)), for i > 1, vanishes for all arrangements M which have quadratic 
cohomology. The proofs only use simple arguments of differential algebra. Theorem 
1.3 holds because OJlo,S is a K{tt, l)-rational space. An equivalent theorem is due 
to Hain and MacPherson ([H-M], [Kh2]). 

Given any point zq G 9Jto,s(C) we define a realisation 

(1.9) p,,:Bimo,s) ^ L,,(Tlo,s) 

I I "'^0 

given by iterated integration along any path 7 : [0, 1] — > 9Jto,s(C) which begins at zq 
and ends at a variable point z G 9Jlo.s(C). The integrability condition (|1.8|l ensures 
that the iterated integral (|1.9() only depends on the homotopy class 017. It therefore 
defines a multi-valued function of the parameter z, i.e., a holomorphic function on 
the universal covering space of 9Jlo,s(C). Here, L^o(9Jlo,s) is a differential graded 
algebra of multi- valued functions on OJto.s. We deduce from the previous theorem 
that £-forms with coefficients in ^20(9^0.5) have primitives in Lzg(9Jto,s)- 

The realisation is not quite good enough, however. We actually need a 
realisation '■ B{dJlo^s) izo(2)to,s), where the base point za does not he in 
9^o,s(C). The point zq can be replaced with a tangential base point in the sense of 
[Del], but our approach consists instead of viewing zq as the corner of a manifold 
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with corners. This gives rise to divergent integrals, and to deal with this requires a 
regularisation procedure. The best approach is to consider the generating series of 
all such iterated integrals, and regularise them all simultaneously. Such a generating 
series satisfies a formal differential equation, and to solve it requires a generalised 
Fuchs' theorem in several variables in the unipotent case. For want of a suitable 
reference, we develop the necessary theory from scratch in section 4. We also 
study the regularisation of logarithmic singularities along the boundary of any 
manifold with corners. Section 5 is devoted to a detailed study of the case of a one 
dimensional arrangement P^\{cro, . . . , crjv, oo}. In this case, the bar construction 
can be written down explicitly (it is a free shuffle algebra), and the corresponding 
iterated integrals are known as hyper logarithms, which go back to Poincare and 
Lappo-Danilevsky. 

In section 6, we apply all the results developed previously to the case of the 
moduli spaces OJlcs to obtain the necessary regularisation results. The generating 
series of multiple polylogarithms can be described as follows. To each dihedral 
coordinate, or chord, is associated a logarithmic one-form 

ujij = d\ogu^j , for {i, j} e xs.5 ■ 

It is symmetric in i and j. Let 6ij, for £ Xs,s, denote a set of symbols 

satisfying 6ij = 6ji, and consider the formal 1-form 

(1.10) ns,s = ^ <5y cjy . 

This is a homogeneous version of the Knizhnik-Zamolodchikov form [Dr, Ka, K- 
Z]. The integrability of i~ls,s is equivalent to certain quadratic relations in the Sij, 
which we call the dihedral braid relations. In the special case 9Jlo,5, these reduce 
to the relations: 

[StjjSki] = , 

for any pair of chords {i,j}, {k, 1} which do not cross, and the pentagonal relation 

[<5l3, <524] + [524, 835] + [535, Sii] + [541,852] + [552,813] = . 

Let us fix a dihedral structure 5 on S, and let 5Bs.5(C) denote the ring of non- 
commutative formal power series in the symbols 5ij with coefhcients in C, modulo 
the dihedral braid relations. Then we can consider the formal differential equation 

(1.11) dL^nsjL, 
where L takes values in ^s.si'C). 

Theorem 1.4. Let v denote a vertex of the associahedron Xs.s, and let Fy denote 
the set of faces meeting v. Then there is a unique solution Ly_s of such that 

Ly^s{z) = fv,s{z) exp{ ^ 5ij log Uij) , 

where fv,s{z) is holomorphic in a neighbourhood of v E DJIq g, and fv,s{v) = 1- 

In other words, the function Ly^s{z) is holomorphic on an open set of 3Jtg ^(C) 
which contains the real cell Xs^s, and has explicitly given monodromy around each 
face Uij = of the associahedron Xs.s which meets the vertex v. The differential 
equation Hl.ll|l is closely related to the Knizhnik-Zamolodchikov equation. Solu- 
tions to the latter equation are usually constructed by induction using fibration 
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maps between configuration spaces. Tlie previous tlieorcm, however, is proved di- 
rectly using the generalised Fuchs' theorem developed in section 4. This approach 
has many advantages: firstly, there are no coherence conditions to verify; secondly, 
we obtain a direct geometric interpretation of Drinfeld's asymptotic zones, which 
were studied by Kapranov; and thirdly, the functoriality of the solution Lyj{z) 
with respect to maps between moduli spaces follows automatically. As a result, we 
obtain a direct definition of an associator on DJlo,s by considering the quotient of 
two different solutions: 

Here, z is any point in an open neighbourhood of Xs,s in s- "^^^(^ quotient is 
necessarily constant. The main properties of Drinfeld's associator can be derived 
immediately. Using the previous theorem, we deduce an expression for the mon- 
odromy of Ly^s(z) and its regularisation in terms of the series Z'"''" ft l6.5|l . Then, 
using explicit expressions for hyper logarithms, we deduce the following result, which 
was first proved by Le and Murakami, following Kontsevich. 

Theorem 1.5. The coefficients of the series Z"'" are multiple zeta values. 

It follows that the holonomy of the moduli spaces OTo.S can be expressed using mul- 
tiple zeta values and the constant 27ri. Now define L""'^ {yyto^s) to be the differential 
algebra generated by the coefficients of the series Lyj{z). We can then define the 
sought-after realisation p^^g which is regularised at the vertex v of X s^s' 

and which is defined over the field k = Q. From this we deduce the main regularisa- 
tion theorem, which describes the regularised restriction of a multiple polylogarithm 
to the face of the associahedron in terms of multiple zeta values. 

Theorem 1.6. Let Fij denote a face of Xs,s isomorphic to a product X^nSi x 
Xt2,&2 OjS in (|J.6|I above. Then if the vertex v corresponds to the pair {vi,V2), 

In other words, the regularisation of multiple polylogarithms along divisors at in- 
finity is completely determined by the combinatorics of the associahedron. 

In section 7, we study period integrals on 9Jto,5(M) in terms of dihedral coor- 
dinates. We first show that, up to multiplication by a rational number, there is a 
unique algebraic €-form ujs.s, which has neither zeros nor poles on DJIq g. This form 
is invariant under the natural action of the dihedral group. We deduce that one 
can write an arbitrary integral 1)1.3(1 as a linear combination of integrals 

(1-12) IsjM= f_ n <i''^S,5, 

for some fixed dihedral structure (5, where the indices aij € Z. Such an integral con- 
verges if and only if the coefficients are all non-negative. In explicit coordinates, 
l)1.12|l can be written as a generalized Selberg integral 

Is.sictij) ^ / T\x'^''{l - Xif'Tiil - XiXi+i . . .XjY'' dxi . . .dxi . 
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Particular subfamilies of these kinds of integrals have been considered by various 
authors in connection with the diophantine approximation of zeta values (see, e.g.^ 
[Fi2, Zl, Zu]). Terasoma has also computed the Taylor expansions (with respect to 
the exponents) of certain families of such integrals, and proved they are multiple 
zeta values [Ter]. The advantage of the blown- up integral representation (|1.12() 
is that all poles of the integrand have been pushed to infinity, which allows an 
algebraic interpretation of the integrals as periods, and a systematic procedure 
for computing them, which is detailed in section 8 and summarised below. As a 
further application of dihedral coordinates, we give an explicit formula for the order 
of vanishing of any form 

n ^s.s , 

along the divisors at infinity in OTcs. Using this formula we retrieve a result, due 
to Goncharov and Manin, which gives the singular locus of a certain family of forms 
which correspond directly to multiple zeta values. Our method exploits the action 
of the symmetric group on SOTq.Sj and completely avoids the delicate calculation of 
blow-ups and the cancellation of singularities studied in [G-M]. In ^7.b\ we show 
how functorial maps 

where Ti and T2 satisfy certain conditions f M2.7|l . give rise to generalised product 
formulae between multiple zeta values. More precisely, given any such map /, there 
is a set of dihedral structures Gf on S such that the following formula holds: 

(1.13) / Luix f ^2^J2 [ rK®^2). 

This expresses a product of periods as a Q-linear combination of other periods. We 
compute two explicit examples of such maps /; one where Gf is as large as possible, 
and the other when G/ reduces to a single element. In the first case, G/ is the 
set of (p, q) shuffles where p = dim OJIq.Ti and q = dim 9JIo,t2 , and (|1.13|) gives rise 
to the shuffle product for multiple zeta values. In the second case, we show that 
(|1.13|l . on applying an identity due to Cartier, gives rise to the stuffle relations for 
multiple zeta values. Thus both shuffle and stuffle relations can be regarded as two 
extreme cases of generalised product relations of geometric origin on moduli spaces. 

The above results are put together in section 8, where we give a proof of theorem 
1.1 using Stokes' formula as described above. We summarise the main points of 
the argument here. The regularisation results of section 6 provide the existence of 
a graded algebra of multi-valued functions L(9Jlo.5') with the following properties: 

(1) The graded part of weight of L(9}to,s) consists of all regular algebraic 
functions on S[ITo,s with coefficients in Q. 

(2) Primitives of ^-forms exist in L(97to.s)j and increase the weight by one. 

(3) The restriction of a function / G i(9Jlo,s) to a face of Xs.s is a product of 
multiple zeta values with functions in L(f!7lo,Ti)i(2to,T2)- 

The argument for computing the period integrals is then by an inductive application 
of Stokes' theorem over the associahedron Xs,5- At each stage, we must compute 

= /_ / ^s,5 , 
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where / G L{DJto^s) is a function which is aUowed logarithmic singularities along the 
boundary dXs.s, but which has no polar singularities. Such an integral necessarily 
converges, and it follows from property (2) that there exists a primitive F with 
coefficients in i(97lo,s) such that dF ~ f. However, such primitives arc not unique, 
and we may inadvertently have introduced extra poles. We show, however, that 
there exists a primitive F with no poles along Xs,s, and it then follows that F 
extends continuously to the boundary dXs,s- The essential remark is that the 
one-form 

log X dx where a; > , 
has a logarithmic singularity at the point x = 0, but that its primitive xlogx — x 
extends continuously to the point 0. We can therefore restrict the primitive F to the 
faces of the associahedron by property (3), and proceed by induction using Stokes' 
formula and (|1.6|l without any further difficulty. In §8.5 we show how the same 
strategy can be used to compute all relative periods of moduli spaces OTo.s, and 
finish with some simple examples in §8.6. The paper is completely self-contained, 
apart from some properties of iterated integrals which are very clearly presented in 
[Hal] , and some remarks on framed motives in H7.2I 

We expect that the ideas and methods introduced in this paper should have 
applications in the following situations. First of all, one can consider more gen- 
eral hyperplane configurations associated to other root systems or Coxeter groups, 
and consider the corresponding poly logarithm algebras, periods and associators. 
Notably, one can introduce N^^ roots of unity to obtain a tower of spaces over 
Pi\{0,e2*^'''/^,oo} which are finite covers of 07lo,s and construct a similar theory 
giving a higher dimensional version of [Ra, D-G]. Furthermore, in perturbative 
quantum field theory, it is generally believed that certain period integrals one de- 
rives from a large class of Feynman diagrams should give multiple zeta values. 
After blowing up, these are integrals of rational algebraic forms over algebraic con- 
vex polytopes. It would be very interesting to try to apply the methods of this 
paper to such integrals. 

This paper was written during my doctoral thesis at the university of Bordeaux. 
I am very grateful to Richard Hain for his many detailed comments regarding an 
earlier version of this manuscript, and especially to Pierre Cartier, without whose 
many suggestions, good humour, and continuous encouragement, this paper would 
not have reached its present form. 
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2. Dihedral coordinates on 97to,n(R)- 

2.1. Let n > 4, and let S denote a set with n elements. Let TIq,s denote the 
moduli space of Riemann spheres with n points labelled with elements of S. If 
(P^)f denotes the set of all n-tuples of distinct points Zg G P^, for s G S, then 

Mo.s = PSL2\(pi)f , 

where PSL2 is the algebraic group of automorphisms of and acts by Mobius 
transformations. The quotient 9Jto,s is an affine variety of dimension ^ = n — 3. 
A point in ajlo,s(C) is therefore an injective map S ^ P^(C) considered up to the 
action of PSL2(C). If S = {si, . . . ,s„}, then we frequently write i instead of Si, 
and denote 2to,s by 97lo,„. 

We wish to write down the set of regular functions on OJlo,s, or, equivalently, the 
set of PSL2-invariant regular functions on (P^)". Let i,j,k,l denote any distinct 
indices in S. Recall that the cross-ratio is defined by the formula: 

[Zi ~ Zl)[Zj ~ Zk) 

The cross-ratios do not depend on the choice of coordinates Zi and are PSL2- 
invariant. We therefore have a set of maps [ij \ kl] : VJIq.s 9^o,4 — P^\{0, 1, 00}. 
The symmetric group on four letters 64 acts on each cross-ratio via the group of 
anharmonic substitutions (z 1 — z, z ^ ^ 63 = &4/V, where V is the 
Vicrcrgruppe. Wc have: 

(2.1) [ij \kl]^l- [ik I jl] , and [ij I Ik] = [ij I kl] = [ji I kl] , 

and [ij\kl] = [kl\ij] = [ji\lk] = [lk\ji] . 
For any five distinct indices i,j, k, l,m d S there is also the multiplicative relation: 



(2.2) [ij\kl] = [ij\km].[ij\ml] . 

In order to make explicit computations, it will be convenient to fix a system of 
coordinates on 9Jlo,s from the beginning. This breaks the symmetry, so we assume 
here that S — {1, . . . ,n}. Since the action of PSL2(C) is triply transitive on P-'^(C), 
we can place the coordinates zi at 1, 2:2 at 00, and Z3 at 0. We define explicit 
simplicial coordinates ti, . . . ,ti on OJlo,s by setting 

tl = Z4 , ... , ti — Zn- 

This identifies $Ho,S with the complement of the affine hyperplane configuration: 

(2.3) OTo,s = {(ti,...,tf)eA^: ^{0,1}, ^ for alH ^ j} . 
If we now perform the change of variables 

(2.4) ti ^ xi . . .xt , t2 = X2 ■ ■ -xe, , ... , tt = xi , 

then we can identify OTq.s with the open complement of hyperboloids: 

(2.5) 97lo,s = {(a;i, . . . jXf) e A'' : ^ {0, 1}, . . . 7^ 1 for alH < j} . 

The coordinates xi, . . . ,a;^ will be referred to as cubical coordinates and are well- 
suited to the study of polylogarithms on QJlo,^ (§6). Simplicial and cubical co- 
ordinates are two extremal cases of more general systems of coordinates which we 
define in an invariant manner in ii2.7l We shall pass freely between the two systems, 
especially when making comparisons with formulae existing in the literature. The 
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change of coordinates H2.4|l has the effect of blowing up the origin; the boundary 
divisors at the origin in (|2.5(l cross normally, but do not in Ij2.3|l . 

2.2. Dihedral coordinates on Mq.s- Let S* be a finite set with n > 4 elements. 

Definition 2.1. A cyclic structure 7 on S* is a cyclic ordering of the elements of S, 
or equivalently, an identification of the elements of S with the edges of an oriented 
n-gon modulo rotations. A dihedral structure 6 on S is an identification with the 
edges of an unoriented n-gon modulo dihedral symmetries. 

When we write S = {si, . . . ,s„}, it will carry the obvious dihedral structure 
unless stated otherwise. In this case, the group of permutations 65 can be identified 
with the symmetric group 6„. The set of cyclic (resp. dihedral) structures on S 
is then indexed by the set of cosets ©„/C„ (resp. 6n/D2n), where C„ and D2n 
denote the cyclic and dihedral groups of orders n and 2n respectively. We will 
often represent a dihedral structure as a regular n-gon {S, S) with edges labelled 
l,2,...,n in order. A number in parentheses («), where i £ Z/riZ, will denote 
the pair of adjacent edges {i,i + 1}. We will represent this on the n-gon {S, S) by 
labelling the vertices with the elements (1), (2), .... (n); the convention is that the 
vertex labelled (i) meets the edges labelled i and i + 1 modulo n (figures 2 and 3). 

Given a dihedral structure 5 on S, we define coordinates on 2)io,s using a certain 
subset of the set of all cross-ratios as follows. Let xs.s denote the set of all n{n—3) /2 
unordered pairs 1 < i,j < ri such that i, + j + 1 are distinct modulo n 

{i.e., i,j are not consecutive modulo n). Each element G xs,i5 "^iH be depicted 

as a chord joining the vertices i and j in the regular n-gon (fig. 2). We set 

(2.6) u,j = [i i + 1 1 j + 1 j] for each {i,j} e xs,s ■ 

Using the definition of the cross ratio, one can check that Uij is symmetric in i and 
J, and is therefore well-defined. The set of cross-ratios {uij : {i,j} € XS,5} only 
depends on 5. Consequently, we obtain a regular morphism 

(2.7) ("^.){.,}.,.. ■■ 2^0.5 — <r-^)/^ C A«("-3)/^ . 
A simple calculation in simplicial coordinates shows that 

(2.8) il = "24 • • • U2n , ■■■ , ti^i = U2n-lU2n , ti = U2n , 

1 - il = M13 , 1 - i2 = U13U14 , . . . , 1 - t£ = M13 . . . Ui „_i . 

Likewise, the set of cubical coordinates (xi, . . . , xi) — (U24, . . . , U2n) are completely 
determined by the functions Uij, and therefore 12. 7|) is an embedding. It follows 
that every cross-ratio can be written in terms of the functions , {i,j} G Xs,s- 

Lemma 2.2. Let i,j,k,l be distinct indices modulo n in dihedral order. Then 

a—i b—k 

Using (j^. we can write any cross-ratio as a product of Uab or their inverses. 

Proof. Suppose first that l<i<j<k<l<n. Using the definition of Uab, 

Uak ■ --Uai-i = [aa+1 1 fc+lfc] [aa+1 \ k+2k+l] . . . [aa+1 \ll-l] = [aa+1 \lk] , 
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Figure 2. Part of an oriented regular n-gon inscribed in a circle. 
Its edges are labelled with the elements of S, and its vertices are 
labelled with elements of S in parentheses. Left - a chord {i,j} G 
Xs,s meets four edges i,i + + 1 which define the dihedral 

coordinate Uij = [i i + l\j + l j]. Changing the orientation of the 
n-gon does not alter Uij by the last equation in (|2.1(l . Right - a 
set of four edges i,j,k,l breaks the n-gon into four regions as in 
lemma 1^21 and defines a pair A, B C xs,s of completely crossing 
chords, depicted by the shaded rectangles f corollary 12. 3|l . 

by repeated application of (|2.2(l . Likewise, using ()2.1|1 and ()2.2|l . 

nn""''= [" + '^\lk][i + li + 2\lk] ...[j ~lj\k + lk] = [ij\lk] . 

a—i b—k 

The formula is clearly invariant under cyclic rotations. Therefore, given any four 
indices i,j,k,l in arbitrary position, we can reduce to this case by applying the 
inversion H2.1(l . which allows us to interchange i, j, or k, I or both pairs (i, j), (fc, /). 

□ 

It follows from invariant theory that every PSL2 -invariant regular function on 
(P^)" is a polynomial in the cross-ratios [ij \ kl]. We deduce from lemma that 
the ring of regular functions on 07lo,s is 

(2.9) O(»lo,s) = QK-, — : e Xs,s] ■ 

We can write down a generating set for all algebraic relations between the coordi- 
nates Uij in a dihedrally-invariant manner. Consider any chord G xs.s- Then 
the set S (considered as vertices) with the elements i and j removed S\{i,j} is 
partitioned into two connected pieces Si and 82- We say that two chords and 
{k, 1} 6 xs,s cross if and only if fc G and Z G 6*2. We write this 

~x {k,l} . 

Given a subset A C xs,s, let A'^ denote the set of chords in xs.s which cross every 
chord in A. We say that two sets A,B C xs,s cross completely if A'^ — B and 
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B'' = A, I.e., 

a IE A ^ a ^xb for all b e B , 

and vice versa (fig. 2). If, for example, A is the single chord and B is the 

set of all chords crossing then A and B cross completely. 

Corollary 2.3. For every two sets of chords A, B C xs.s which cross completely, 

(2.10) UA + UB = l, 

where ua = IlaeA "a '^"'^ = HbeB ^b- 

Proof. One can verify that A and B cross completely if and only if there exist four 
elements k,l} C S in dihedral order (fig. 2) such that 

^ = {{P^ ?} e xs.s ■■ i <P< j and fc < 9 < , 
B = {{p, g} e xs,s ■ j <P < k and ? < g < i} . 

By lemma 12. 21 and 1)2.1(1 . = [ijlfc^]^-*^ = [ul^fc]- Likewise, ub — [iiljk]^^ ~ [il\jk]. 
It follows that ua + ub ^ [ul^fc] + [il\jk] = 1 by fT^ . □ 

Definition 2.4. Let /^^ C denote the ideal generated by the identities 

(|2.1U|I . Let the dihedral extension TIq g of 9Jlo,s be the affine scheme 

(2.11) mis - Spec Z[u,j : e Xs^sj/I^s ■ 
By lemma 1^21 we could also define 2Hq 5 as follows: 

(2.12) OTo.s = SpecZ[[zj|Zfc], where i, j, k,l e S are in dihedral order] /Is,s , 
where Is^s is the ideal generated by the identities + A:] = 1 and ()2.2|l . 

Let is : TIq^s ^ ^0 s denote the embedding obtained from (|2.7(l . 

Lemma 2.5. The scheme 5Hq5 is t/ie Zariski closure of the image o/9Jlo,s *^ 
affine space A"'^""'^^/^. /n particular, it is of dimension £. 

Proof. By H2.8|) . the dihedral coordinates M24, . . . , U2n are equal to the cubical coor- 
dinates xi, . . . ,Xi respectively. Therefore, i5(9Jto,s) is contained in {u24, ■ • • , U2n 7^ 
0}. It follows using dihedral symmetry that is{dJlo,s) C {uij ^ : G Xs,s}- 

Using 1)2. 10|) . we can write Xi, 1 — a;^, and 1 product of dihedral 

coordinates Uab- This implies that 

isiMo^s) = {u^J ^ : {1,3} e xs.s} C OTq's ■ 

By H2.5|l . each divisor {2;^ = 0} = {w2i+3 = 0} is in the closure of VJIq s- Dihedral 
symmetry implies that {uab = 0} is in the closure of 2Jlo,s for all {a, b} e Xs,s- D 

The complement 9Jtg g\za(9Jlo,s) is therefore a union of divisors 

D,j C 9^0,5 , for each {i,j} e xs.s , 

where Dij is defined by the equation Uij = 0. In order to describe the configuration 
of the divisors Dij, consider cutting the regular n—gon along the chord {i, j} joining 
vertices i and j. This partitions the set of edges of S into two sets Si and S2 and 
breaks the n-gon into two smaller polygons. Their sets of edges are 6*1 U {e} and 
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S2 U {e}, where e is the new edge given by the chord {i, j} (fig. 3). Each set inherits 
a dihedral structure 6k for k — 1,2, and xs,s is a disjoint union: 

(2.13) XS,<5 = XSiU{e},5i LIXS'2U{e},52 LI {«, j} U |J {k,l}. 



(2) 3 (3) 3 




Figure 3. Decomposition of the hexagon on setting U25 = 0. The 
variables corresponding to chords which cross {2,5}, namely U13, 
U46j Wi4i ^36, are all equal to 1 (left). The system H2.10|l splits 
into the pair of equations, U15 = 1 — M26 and M35 = 1 — M24, which 
identifies D25 with ml^^ x Tll^. 



Lemma 2.6. The decomposition gives a canonical isomorphism 

-^y - -'-"-0,SiU{e} ^ -'-"0,S2U{e} ' 

Proof. Equations H2.10|l imply in particular that 

(2.14) Uab + Y[ "erf = 1 for all {a,b} S xs.s ■ 

{c,rf}~x{a,fc} 

Therefore, setting Uij = implies that u^i = 1 for all chords {fc, 1} which cross 
{i,j}- The system of equations (|2.10|l then decomposes into two disjoint sets, each 
one containing all variables Uab, where {a, b} G XSiu{e},Si , or XS2U{e},52 respectively. 
To see this, consider the equation 

(2.15) UA + UB^l, 

where A, B G xs.s cross completely, and where we write uj — Yiiei ^'-'^ subset 
/ C Xs,s- Consider the decomposition (|2.13|l above, and set Ai = AO xSiii{e},Si for 
i = 1, 2. It follows from the calculation above that, since Uij = 0, 



(2.16) UA = 




if {ij} £ A , 
otherwise. 



A similar formula holds for ub ■ The picture below depicts the three possible cases 
which can occur, up to exchanging i,j or A,B. If neither Ai nor A2 is empty, 
the set A contains chords on either side of the chord {i,j} (case I). It follows that 
{i,j} € A, and therefore ua = 0. Since B = A^, it follows that B C {«, j}'*, and 
so Uki = 1 for aU {k,l} e B. Thus H2.15|) reduces to + 1 = 1. Therefore we 
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can assume without loss of generality that Ai = (see cases II and III), and so 
UA — by H2.16|l . It is clear that Bi = 0, and so ub = ub^- 



AAA 




AAA 



It follows that equation H2.15|l reduces to UA2 = 1 ■, which is a defining equation 

for 9Ko^52U{e}- pairs of completely crossing sets in each smaller polygon S'feU{e}, 
for fc = 1, 2, arise in this way. This proves the result. □ 

It follows from the proof of the lemma that Dij and Dy^i have non-empty inter- 
section if and only if the chords and {k, 1} do not cross. By (|2.14|l . Uij and Uki 
cannot simultaneously be zero if ~x {fc, We are therefore led to consider 

partial decompositions of the n— gon (S', i5) by k non-crossing chords. 

Definition 2.7. For each integer 1 < k < let x% s denote the set of k distinct 
chords a = {{«i, Ji}, . . . , {ik,ik}} in the n-gon (5, 5), such that no pair of chords 
in a cross. For each such a G let denote the subvariety defined by the 

equations Ui,j, = ... = u,^j^ = 0, i.e., Da = flm^i j„ • 

It follows by induction using the previous lemma that the codimension of D^, for 
a G Xs exactly fc, and that every codimension-fc intersection of divisors Dij 
arises in this manner. Any set of fc chords a € Xs s splits the polygon into fc + 1 
pieces, and we have: 

fc+1 

(2.17) Da m',-s^ , 

m— 1 

where {Sm,Sm) are given by the set of all edges of each small polygon in the fc- 
decomposition a, with the induced dihedral structures (fig. 4). 




Figure 4. A partial decomposition a G x| ^5 of an octagon gives 
an isomorphism of D^ with m^]^ x ajlp^^ x Mq^j = TIq]^ xA^x {pt}. 
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Remark 2.8. The set of all polygons equipped with the operation of glueing sides 
together forms what is known as the mosaic operad [Devi]. This says that, given 
two polygons with edges labelled Si U {e} and 52 U {e} respectively, there is an 
operation of glueing along the common edge e, which gives rise to a map 

ASiU{e},5i ^ XS2U{e},52 ~* A5iUS2,<5 • 

This corresponds to the decomposition of lemma 

2.3. Forgetful maps between moduli spaces and projections. Let T denote 
any subset of S such that |r| > 3. There is a natural map 

(2.18) /t : ^0,5 "XHo.T 

obtained by forgetting the marked points of S which do not lie in T. Now suppose 
that S has dihedral structure S. Then T inherits a dihedral structure which we 
denote St- If we view S as the set of edges of the n-gon {S, S), we obtain a map: 

/t : Xs.s Xt,St 

which contracts all edges in S\T and combines the corresponding chords (fig. 5). 
Lemma 2.9. The map extends to give a map fr : aJlo.s — > Tlg^T such that 

(2.19) f^iuki) = n ■ 

{a.b}ef-\{k,i}) 

Proof. By (12.12(1 . is induced by the map: 

f}:Z[[ij\lk] : z,j,k,leT'^]/lT,Sr-^m^j\lk] : ij,kj € S']/Is.5 , 

where i,j,k,l £ T^"^ (resp. S^) denotes four elements in T (resp. S) in dihedral 
order. Formula (|2.19() follows immediately from lemma □ 




Figure 5. The forgetful map /t contracts edges labelled 3, 4, 6, 8. 
The dihedral coordinates corresponding to the two chords in the 
square are pulled back by to U15W16 and U27U37U47U28U38U48- 



Remark 2.10. If {i, j} £ Xs,s, let T denote the four element set T = {i, i+1, j, j + 1}. 
Then the dihedral coordinate Uij is by definition a forgetful map: 

mis ^ "^i^T = ■ 
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If Ti, T2 are two subset of S such that |Ti r\T2\ > 3, we obtain a map 

(2.20) /t, X fr, : arto^T, x^n^;,^,,^ ^^o^t, , 

where (5i = (5ti, 62 — ^t^, and 5' = <5TinT2- 

We now consider what happens when |Ti n =2. Suppose that the elements 
of Tk are consecutive with respect to (5, for fc = 1,2. Then two cases can occur: 
either Ti n r2 consists of two consecutive elements {z, z + 1} where z G 5, or Ti fl T2 
has two components and TiC\T2 — {a, f*}, where a,b S are non-consecutive. 
We only consider the first case here. This corresponds to choosing a directed chord 
{*j j} G Xs,(Sj and cutting along it. Let Si and S2 denote the corresponding partition 
of the set S viewed as edges of the n-gon (fig. 3), and consider the larger overlapping 
sets defined by Ti = S'l U {i, i + 1} and Ta = S'2 U {i, i + 1}. 

A product of forgetful maps gives 

(2.21) /t, X /t, : mis K]t, x 9^o!t. • 

The dimension of the product on the right hand side is (|Ti | — 3) + (IT2I — 3), which 
is £ — 1, one less than on the left. Suppose that the chord {i,j} — + 2} is short. 
In that case, one of the sets, say T2, has just three elements, and ^1^X2 reduces to 
a point. The complement S\Ti is a single point. We write S = {si, . . . , s„}, and 
let {sn} — S\Ti. In that case, the restriction of fxi to VJIq^s- 

/ti : 3^o,{si,...,s„} 9'^o,{si,...,s„_i} 

is a fibration with one-dimensional fibres which are isomorphic to the punctured 
projective line P^\{si, . . . ,s„_i}. In general, the restriction of the map H2.21I) to 
the open set OJlo,s is not a fibration, but almost. Let us compute it in cubical 
coordinates. By applying a dihedral symmetry, we can assume i — 2. By (|2.8|l . we 
have U2j = Xm, where m = j — 3. One verifies that 

9^0, Ti = {(a^i, • • ■ ,a;,„_i) : a;i ^ {0, 1} , Xi...Xj^l for i < j} , 

9^0, T2 = {{xm+i, . . . , x^) : Xi ^ {0, 1} , Xi. ..Xj for z < j} , 

and the map /ti x : Stcs — * 9Tlo,Ti x 9Ko_t2 is just projection onto Xm — : 

/ti X : (a;i, ...,xi)^ {{xi, . . .,Xm-i), {x,n+i, ■ ■ ■,Xi)) . 

We can therefore think of (|2.21|) as a coordinate projection in cubical coordinates. 
Referring to figure 10, we see that in OJlo.e there are two such types of map, one 
given by projection onto 97lo,5 (set xi = or X3 = 0), and the other given by 
projection onto f!7lo,4 x 9Jlo.4 (set X2 — 0)- Restricting H2.21|l to the divisor Uij = 0, 
we retrieve the isomorphism Dij ^ ^JIq^j,^ x QJIq^j.^ which was defined in lemma 

Remark 2.11. One can make the map /ti x /jv, : VJIq^s ~^ ^o,Ti x 3Jto,T2 into 
a fibration by restricting it to an open subset Us C 97lo,s- One obtains a map 
/ti X : Us ^ Vs, where Vs C 3JIo,Ti x IDTo.Ta, whose fibers are isomorphic to 

with N points removed. The N removed points correspond to the set of chords 
{k,l} which cross plus the chord {i,j} itself. 

For example, consider the case 97lo,6: where we write the cubical coordinates 
{xi,X2,X3) as {x,y,z). Then Us = {{x,y,z) e fDto.e ■ x ^ z}, and Vs — {{x,z) e 
C'^ : X, z ^ 0,1 : X ^ z^^}. Then the fibration map {x,y,z) 1— > {x,z) Us ^ Vs 
has fibers {y G C : y ^ {0, l,x~^ , z~^ , {xz)~^}}. The removed points in the fiber 
are given by the five equations U25 — 0, M13 = U14 = u^q = u^q = 1 (see figure 3). 
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2.4. Normal vertex coordinates on 9Jlo.s(C). We wish to show that SWq 5 is 
smooth and that 971q g\S[Tlo,s is normal crossing. In order to do this, we construct 
normal coordinates in the neighbourhood of each subvariety Da, for a G Xs a- We 
first consider two further relations satisfied by the dihedral coordinates Uij on UJlo.S- 
We frequently use the following notation: for any two sets I,JcS, we write 

(2.22) uij = Yl . 

ieijeJ 

Also, given two consecutive indices + l modulo n, we adopt the convention that 
Uii+i = 0. This is compatible with the decomposition of lemma after cutting 
along a chord {i,j} G xs,s, the vertices i and j become adjacent in each small 
polygon, and indeed, Uij = is the equation of the corresponding divisor (fig. 4). 

Lemma 2.12. Let {p, q} £ Xs,s- Then any three of the four coordinates Upq, Upq+i, 
Up^iq, iip_|_ig+i determine the fourth, and we have the butterfly relation on OJlo.S- 

^2 23) Upg{l - Upq+l) ^ 1 - Up+lg+l 

1—UpqUpq+l 1 — Up+l q+lUp+l q 

where Wp+iq = (Upq+i = Oj ifp+ 1 and q, (respectively q+\, p) are consecutive. 

Proof. Let A and B be the subsets of vertices S pictured in the diagram below 
(left). Then H2.10() implies the following equations: 

l~Upq+l = UAp+lUABUAq , 

l—UpqUpq+l = UAp+lUAB , 

1 — Up+l q+l = UpB UAB UAq Upq , 

1 — Up+1 q+1 Up+1 q — UpB UAB ■ 

Identity H2.23|l follows by substitution. □ 




Figure 6. Proof of the butterfly (left) and triangle relation (right). 



Lemma 2.13. Letp,q,r denote three non-consecutive elements of S, and set tTj, = 
Y[p<i<q''^ir ■ Then the triangle relation holds on 9Jlo,s.' 

(2.24) ^-Upq ^ ^ 

(1 - Upr){l - Uqr) (1 - T^rUpr){^ - TTrUqr) 
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// we regard this as a quadratic equation for iTr in Q{upq,Upr,Uqr), then the dis- 
criminant is non-zero in a Zariski-open neighbourhood of Upr — Uqr = Upq = 0. 

Proof. Let A, B and C be the subsets of vertices S pictured in the diagram above 
(right). Then (|2.10|) implies the following equations: 

I - Upq = UbC T^r UAC , 

I - Upr = UBC UBq UAB , 

1 - Ugr = UAC UAp UAB , 

1 - UprT^r = UBq UaB , 

1 — UqrTTr — UAp UAB ■ 

The identity (|2.24(l follows by substitution. One verifies by straightforward compu- 
tation that the discriminant of (|2.24|l is 

(2.25) ^pq^r — (1 UpqUqr -\- Uq^U^p Up^Upq^ ^(-^ Upq^ UprUqr , 

from which the last statement follows. □ 

Let a G Xs s denote a triangulation of the n-gon {S, 6). An internal triangle of 
a is a triple p,q,r G S such that p,q,r are non-adjacent, and {p, g}, {p,r}, and 
{q, r} are in a. A free vertex of a is a vertex i €z S such that {i, k} ^ a for all 
{i, k} € Xs,s- If t denotes the number of internal triangles in a, and v denotes the 
number of free vertices in a, then it is easy to show that v = 2 -\- 1. A triangulation 
of the n-gon has no internal triangles if and only if it has exactly two free vertices. 

Definition 2.14. Let a G Xs S' choose an ordering on the set of chords ji}, 
. . . ,{ie,je} in cn- Then the set of vertex coordinates^ corresponding to the ordered 
triangulation a is the set of variables: 

Xi , . . . , X£ , 

defined by setting = Ui^^j^ for 1 < k < £. 

If a = {{2, 4}, . . . , {2, n}} with the natural ordering, then x"^ ~ x^. — U2 k+z for 
1 < A: < £, and we retrieve the cubical coordinates defined in H2.5|l as a special case. 
Let £ Xs.s- Recall from (|2.13|) that there is a decomposition 

Xs,5 = x'U{i,j}U U {k,l} , 
{fej}-x{«,i} 

where x' consists of all chords {a, 6} which do not cross {«, j}. The following lemma 
states that we can eliminate all dihedral coordinates Uki, where {k, 1} crosses {«, j}. 

Lemma 2.15. Let j} G a. On the open set 5\{uy — 1}, every variable Uki, 
where {k,l} G xsj crosses {i,j}, can be expressed as a rational function of Uij, 
and the variables Uab where {a, 6} G x' ■ 



^The reason for this terminology will become apparent in i|2.5l A triangulation a corresponds 
to the point Da which is a vertex (corner) of the Stasheff polytope Xg s C OTg g(]R) (see fig. 10). 
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Proof. The easiest way to see this is on the example a G xl a depicted in figure 7 
(left), where = {1,5}. Consider the following equations given by (|2.1U|I : 



U2S = 


= 1 - 


- Wl7Wl6"l5Wl4"l3 


M28'"27 = 


= 1 - 


- Ul6"l5Wl4Wl3 , 


U2&U27U26 = 


= 1 - 


- U15U14U13 , 


W38M28 = 


= 1 - 


- U17"16U15"14 , 


U38U37U2SU27 = 


= 1 - 


- U16U15U14 , 


U38U37U36U28U27U26 = 


= 1 - 


- W15U14 , 



The identities (|2.1()|l imply that 

{fc,i}~x{ij} 

and therefore all the variables on the left hand side in the equations above are 
invertible on g\{uij — 1}. All the variables on the right hand side lie in 
x' U {i, j}- We can therefore solve for M28, U27, "267 M38, U37, U36 and so on, in turn. 
The general case is similar. □ 

Let G xs.s denote a chord. Then partitions the set of edges of 

(5,(5) into two sets. Si and 82- The chord itself corresponds to the four edges 
E = + + 1}. The sets Ti = 5i U E, and T2 = S2 U E overlap in 

precisely the set E, and therefore |Ti nT2| = 4. Let 6e denote the induced dihedral 
structure on E. By definition of the dihedral coordinate Uij, there is an isomorphism 
u,j : aJtg^^; = Therefore (|2.2()|l defines a map: 

(2.26) mis — ml]^^ Xai 971^^^, . 
The chord {«, j} is in both xti.<5i and XT2,S2 (fig- 7). 
Proposition 2.16. The map ^2.261 defines an embedding 

(2.27) mls\{u^, = 1} m',]^^\{u,, - 1} xai\{i} ml^^^^\{u., = i} . 

Proof. The map (/t^ x /ts)* is given by: 

Z[[ij\lk] : i,j,k,le Tt]/lT^M : ij,k,le tI^]IIt,m 

^Z[[i3\lk]:i,j,k,l^S']/Is,s , 
with the notation used in the proof of lemma It can also be regarded as a map: 

Zluab ■ {a, 6} e XTi,5i]//ti,5i ®z[«,j] ^["afc : {a,b} G XT2m]/It2,S2 
— > Z[uab : {a, 6} G XsA/^s.s ' 
The previous lemma implies that the map (/ti x /ts)* is surjective when we invert 
the coordinates Uki such that {k, t] crosses {i, j}, i.e., on the open set Uij ^1. □ 

Each set of vertex coordinates defines an etale map on a certain Zariski-open 
subset obtained by iterating the map in the previous proposition. Let a G Xs 5 
denote any partial fc-decomposition of the n-gon and define: 

(2.28) = n ^ 1} ^ ^o,s • 
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Figure 7. The induction step in the proof of proposition 12.181 
The chord {1,5} in the octagon on the left distinguishes the four 
thick edges E = {1, 2, 5, 6}. The two sets Ti = {1, 2, 3, 4, 5, 6} and 
T2 — {5, 6, 7, 8, 1, 2} intersect in E and define the hexagons on the 
right. The right hand hexagon can be further decomposed into a 
pair of pentagons, but the middle hexagon has an internal triangle, 
so we have to invoke the triangle lemma. 



Since — {uij = : for G a}, it follows that C Ua, and Ua is an open 

neighbourhood of the subvariety which contains the open set SWq.s. 

Now let {i, j} £ a, and consider the map H2.27|l . We obtain two decompositions 
ai , a2 , and Zariski-open sets , on Ti , T2 respectively. 

Remark 2.17. The embedding H2.27|l extends the isomorphism Da = Da^ x Da^- 
The product structure on each boundary stratum of 9JIq ^ therefore extends over a 
Zariski-open subset of the variety. 

Now for each a £ x| ^j, we define a Zariski-open set 

(2.29) U'^= fl {Ap,,, ^ 0} n C/„ c Tils , 

{p,g,r}6a 

where the intersection is over all sets of (ordered) internal triangles {p, 9, r} £ a 
and Apg.r is defined by (|2.25l) . It follows from l|2.25|l that C 

Proposition 2.18. Let a & x% s denote any ordered triangulation of the n-gon 
{S, 6). The set of vertex coordinates {x" , . . . ,xf} defines a map 

{x'^,,...,x1):U'a~^k' 

which is etale. It therefore defines a system of coordinates on (M) or (C) . 

Proof. By iterating the decomposition l|2.27|l . we obtain an embedding 

N 

(2.30) Ua^Yl , 

1=1 

where each is a triangulation of a fci-gon which cannot be decomposed any 
further. We can assume that each decomposition is strict, i.e., ki > 5 for each i. 

Two cases can occur. If there are no internal triangles, then necessarily ki — 5, 
and we can assume that a;"* — M13, and = 1*14. In that case, (|2.1U|I gives: 

U25 = 1 ~ W13U14 , M24W25 = 1 - wi3 , and U35U25 = 1 - ui4 • 
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The variables on the left are hivertible on t/o,. = {^25 0} fl {^24 7^ 0} n {U35 ^ 0}, 
so it follows that x"' , is a coordinate system on this open set, i.e., the map 

is injective, and certainly etale. On the other hand, if there is an internal triangle 
{p,q,r}, and the fc^-gon cannot be decomposed any further, then we are in the 
situation corresponding to 97lo,6 pictured above (fig. 6, middle). By symmetry, 
we can assume that a;"' = W13, = 1*15, and Xg' = W35. By equation H2.24|l . 
the variable tt^ = W25 depends quadratically on x^' , X2' , x^' . It follows from the 
triangle lemma (|2.13|l and the definition of U'^. that the map 

{xr,xT,xT)--K.^^' 

is etale. It is in fact two to one. This is because all remaining dihedral coordinates 
Uij are uniquely determined by cc"' = 1*15, iTr = M25, and = M35 by applying the 
relation H2.10|) and inverting coordinates which do not vanish on U'^. in much the 

same way as above. From H2.30|l we obtain an embedding ^ YliLi U'^^ , which 
in turn gives rise to a commutative diagram 



i i 

The vertical maps on the left and on the right are diagonal embeddings. We have 
shown that the horizontal map along the bottom is etale. It follows that the hori- 
zontal map along the top is etale, which completes the proof. □ 

If the triangulation a contains no internal triangles, then U'^ — Ua, and the 
functions x", . . . , give an isomorphism of QJIq.S with a Zariski open subset of A^. 

Corollary 2.19. Let a S Xs 5; such that a has no internal triangles (and therefore 
two free vertices). Then the set system of coordinates everywhere 

on 9Jlo,s, and every cross-ratio Uij is a Q-rational function of the xf. 

We could also define SJIq s using the set of equations H2.23|l . One can verify that 
if a e Xs (5 internal triangles, then all dihedral coordinates can be expressed 

in terms of the vertex coordinates {xf} by repeatedly applying the butterfly lemma. 

Lemma 2.20. The sets U^, for a G Xs S' cover OTtg 5. 

Proof. For each partial decomposition /? G x| 5, set 

Nfj = {uij = for aU {i,j} e (3} n {upq ^ for aU {p, g} ^ /?} , 

which is an open subset of Dfi = {u^ = for all {i, j} G /?}. It follows immediately 
from this definition that $Hg c decomposes as a disjoint union: 



(2.31) mis = 9Ko,s U y U Np. 

Let /3 S x| ^ denote any partial decomposition of the n-gon (5,(5). By adding 
chords, we can find a complete triangulation a G ^ which contains /?, without 
creating any new internal triangles in a. It follows from H2.25|l and lemma 12.131 
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that Np C U'^. Note that if (3 is the empty triangulation, then 9Jlo,s C U'^ for any 
a which has no internal triangles. The decomposition (|2.31|) then implies that 

□ 

Theorem 2.21. The affine variety 9Hos smooth, and the divisors Dij, for 
{hi} G Xs,Sj ore smooth and normal crossing. 

Proof. Let a G Xs s- ProPOsition l2.18l states that the vertex coordinates x", . . . , 
corresponding to a define an etale map A^. The image of 97lo,s n in 

is precisely the complement of the normal crossing divisor 

... X£ ^ 

(see fig. 8). The theorem follows since the sets f/^ cover 9Jtg 5. □ 







/ 


\ 




/ 

1 


\ 

Do, 1 \ 




\ a;f = 


/ 

/ 




\ 




\ 





Figure 8. The covering of OJlg g. To each vertex a G Xs there is 
an open set on which the set of vertex coordinates {xf} cross 
normally. The sets JJ^ form a covering, which implies that the 
divisors Dij are smooth and normal crossing. 



2.5. The real moduli space 9JIq ^(R). Consider the moduli space of projective 
circles with n ordered marked points: 

9Jlo.s(») - PSL2(M)\pi(M): . 

The space ^^^^(M) is not connected, but is a disjoint union of open cells which we 
define as follows. First, we fix a dihedral structure 6 on 5, which defines a set of 
dihedral coordinates Uij for {i,j} G Xs.i5- Let 

(2.32) Xs.5 = {u^J > : G xs.s} C Mo's(K) • 

By (|2.10() . Xs.s is also defined by the equations < Uy < 1 for all {i,j} e xs,s, 
and is therefore compact. We define the open cell Xs\s to be the interior of Xs,s- 

(2.33) Xs,s = Xs,s n mo,s = {u^J > : {i,j} G xs,s} ■ 
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The sets Xs,s and Xs.s are clearly preserved by the dihedral symmetries of S, so 
there is an action of the dihedral group D2n x Xs^s Xs.s- Using explicit simplicial 
coordinates (|2.8|) . one checks that the open set Xs.s is homeomorphic to the simplex 

(2.34) Xs.s^{{ti,...,U) : < h < . . . < te < 1} . 

It follows that Xs.s is contractible, and moreover, that Xs.s is a connected compo- 
nent of 9Jlo,s(II^)- After changing to cubical coordinates, we see that Xs.s is the unit 
hypercube {(xi, . . . ,xg) : Xi G (0, 1)} = (0, 1)^, which explains the nomenclature of 
each coordinate system (fig. 9). 

Each cell Xs.s consists of the set of points si, . . . , s„ e P^(M) such that si, . . . , s„ 
are in the dihedral order determined by 5. Two components Xs.s, Xs.s' are disjoint 
if S and d' are distinct, and the set of dihedral structures are permuted transitively 
by the symmetric group 6„. This implies the following tiling lemma. Devadoss has 
studied the exact glueing relations between the cells Xs.s in this tiling [Devi]. 

Lemma 2.22. The space 97lo,s(K) is the disjoint union of the n\/2n open cells 
Xs.s, as d (z &n/D2n ranges over the set of all dihedral structures on S . 

It is now clear that the choice of a dihedral structure (5 on 5 is equivalent to the 
choice of a fundamental cell Xs,s G 7ro(S[Jlo,s(M)) = &n/D2n- The set of dihedral 
coordinates Uij corresponding to S can be regarded as a natural set of functions 
which is stable under the action of the symmetry group of Xs^s- 




Figure 9. The set of real points S[)To,5(M) in cubical (left), simpli- 
cial (middle), and dihedral coordinates (right). The dotted circles 
denote points which are blown up when passing to dihedral coor- 
dinates. There are 5!/10=12 regions Xs,s when 15*1 — 5. 

Definition 2.23. For each chord {i,j} G Xs.s, we define the face Fij{Xs.s) of 
Xs.s to be the closed subset Fij{Xs.s) — Dij CiXs.s C TIq 5(K). Likewise, for each 
a e x| 5j we define the codimension-fc face of Xs.s to be Fa{Xs.s) — Da n Xs.s- 

It follows from lemma 2.5 that 



(2.35) 



Fij{Xs.s) — -'^TiU{e},5i X XT2U{e},S2 > 
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where Ti U T2 is the partition of (the set of edges) S corresponding to the chord 
e — By equation (|2.17|) . each codimension-fc face Fa{Xs,s) is a product 

fc+i 

Fc.(Xs,s) = n • 

m— 1 

By repeatedly taking boundaries we obtain a stratification: 

(2.36) Xs,s 2 dXs.5 2 9^X5,5 3 ... 3 9^X5,5 , 

where the codimension-fc boundary of Xs.s is the union of its codimension-fc faces: 
d''Xs,s= U F^(Xs,s) foTl<k<e. 

For each n > 4, the associahedron Kn-i, or Stasheff polytope [St], is a convex 
polytope of dimension n — 3 whose codimension-fc faces are indexed by the partiaUy 
ordered set of compatible bracketings on a set of n — 1 elements. 

Corollary 2.24. The lattice of faces X s^s is comhinatorially equivalent to the 
associahedron Kn-i. 

Proof. The set of all codimension-fc faces Fa{Xs,s) is indexed by fc-triangulations 
of a regular n-gon, and the inclusion of one face in another is given by removing a 
chord. By taking the dual graph of a partial triangulation of an rt-gon we obtain a 
planar tree. If we fix an edge si of 5, then each such tree is rooted, and defines, in 
a standard way, a bracketing of the ordered set {s2, . . . , s„} (fig. 11). We obtain in 
this way a bijection between faces of Xs^s and bracketings on a set of n — 1 elements 
(this is beautifully illustrated in [Dev2]). □ 

Since each face Fa is contractible, we can view Xs,s in the coordinates as a 
dihedrally-symmetric algebraic model of the associahedron Kn-i- The fact that 
the divisors Dij cross normally implies that the associahedron is a simple polytope, 
i.e., each vertex is the intersection of exactly i distinct faces. 

Remark 2.25. As remarked earlier, QTtg 5 can be obtained by blowing up a set of 
divisors bounding Xs^s- Since the operation of blowing up is non-commutative, 
we have to specify that the blow-ups occur along subvarieties in increasing order 
of dimension. A useful intuitive picture of the polytopes Xs,5 can be obtained by 
blowing up the unit hypercube [0, 1]^ along the divisors Xi = . . . — xj = 1 for 
^ < "i < j < The set of real points in the blow-up can be visualised by truncating 
the unit hypercube along the hyperboloids Xi . . . Xj = 1 — e, where i < j for some 
fixed e > which is sufficiently small (see fig. 10). Alternatively, one could truncate 
the simplicial model of Xs^s to obtain another explicit construction of Kn~i (see 
[Dev2]). This involves a greater number of truncations, however. 

2.6. The compactification 97lo.s and its divisors at infinity. The set of all 

cross-ratios defines an embedding: 

(2.37) {[^J\kl]} : OTo.s ^ 97l£\, = (P^{0, 1, oo})© . 

The coordinates {[ij|fc?]} satisfy identities H2.1|l and H2.2|l . These identities define 
a projective scheme we denote 



MULTIPLE ZETA VALUES AND PERIODS OF MODULI SPACES. 27 




Figure 10. The associahedron or Stasheff polytope Xq s = in 
9Jlg g (M) obtained by truncating the unit cube in M"^ , or blowing up 
along xi = X2 = X3 = I, and then xi = X2 = I and X2 = x^ = 1. It 
has six faces F13, F24, ^35, ^ke, -F51, ^62 which are pentagons X^^s, 
and three faces F14 , F25 , F^q which are quadrilaterals X4^Si x X^^Si ■ 
These are permuted by the group Di2. There are three types of 
vertices corresponding to three kinds of triangulation of a hexagon. 
The vertex coordinates defined in §2.3 for each triangulation pro- 
vide local affine charts in the neighbourhood of each vertex. 

which is defined over Z. This representation of QJto.s is degenerate since some coor- 
dinates are the same, but it is clearly invariant under the action of the symmetric 
group. Now for every dihedral structure S on 5, there is an embedding 

js : mis - Mo,s 

given by lemma 2.1, which expresses every cross ratio as a product of dihedral 

coordinates. Letting 6 vary, we obtain in this way an affine covering of 2Jlo.s. 

Lemma 2.26. The compactification 97lo,s is covered by affine charts STlg^, as S 
ranges over the set of all dihedral structures on S: 

(2.38) Mo,5= U Js{Tlls) . 

<5ee„/i52,i 

Proof. The right-hand side is clearly contained in the left. But one can show in a 
similar manner to the proof of lemma [T^ that OTq.S is dense in 3Ho,s as defined 
above. The point is that js{m.Q_s) C {[« j|fcZ] ^ 0} C SHq.S for all S. Any cross- 
ratio [« is a dihedral coordinate Uat for some dihedral structure Sq. Therefore 
[ij\kl] is in the closure of jsg{^IIlo^s) by lemma The same holds for the 
divisors [ij\kl] = l,oo by H2.1|l . This proves that both sides are equal. □ 

Theorem (|2.21() implies the following corollary. 

Corollary 2.27. 97to,s *s smooth and 9Jlo,s\2Ho,s *s a normal crossing divisor. 

The irreducible components at infinity of 2Ho,s\33to,S can be described as follows. 
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Lemma 2.28. Let 6 denote a dihedral structure on S, and let {p,q} G XS,s- The 
chord {p,q} partitions the set S, viewed as edges of the n-gon {S,6), into two sets 
Pi U P2- Then the divisor js{Dpq) C S[to.s\9Ko.s is determined by the equations 
[i j\kl] = for all distinct indices i,j, fc, I such that 

{i, k} C Pi and {j, 1} C P2 , 
or {j, 1} C Pi and {i, k} C P2 ■ 

Proof. On the chart js{^Q g), these equations imply in particular that Upq = 0, 
and therefore determine the divisor js{Dpq). That the remaining cross-ratios also 
vanish on js{Dpq) follows from lemma □ 

It follows that two divisors jsi{Di) and js2{T>2) coincide on SHo,s\97lo,s if and 
only if the corresponding partitions of S agree. 

Definition 2.29. A partition Pi U P2 S' is stable if |Pi| > 2 and IP2I > 2. A 
dihedral structure (5 on S" is compatible with Pi U P2 if the elements of each set Pi 
and P2 are consecutive with respect to 6. A divisor D C S!Jlo,s\9^o,S is said to be 
at finite distance with respect to a dihedral structure (5, if D C js{^MQ g). 

Observe that D C jsi^ls) if and only if £) n jsi^ls) 7^ ^■ 

Proposition 2.30. There is a bisection between the irreducible components of the 
divisors at infinity ofDJlo^s\^o,S, ond stable partitions S = P1UP2. The component 
D corresponding to this partition is canonically isomorphic to 

2Ho,PiU{e} X 2Jlo,P2U{e} , 

where e is a symbol. A divisor is at finite distance with respect to a dihedral structure 
5 if and only if 5 is compatible with the corresponding partition of S. 

Proof. The bijection between stable partitions and divisors follows immediately 
from the previous remarks and the covering (|2.38|l . The last statement of the 
proposition holds by definition. It remains to prove the decomposition. Suppose 
that we are given a stable partition S = P1UP2, and let D denote the corresponding 
divisor. There is a bijection between the set of dihedral structures S which are 
compatible with Pi U P2, and the set of induced dihedral structures Si, 62 on the 
sets Pi U {e} and P2 U {e} (compare fig. 3). It follows from lemma ITHI that : 



s^^^j Jsml]p^u{e} 3?Jo!p.u{e}) if ^ is Compatible with Pi U P2 

otherwise . 



K we identify_j,(9Jl^;p^^^^j x an^^p.^t,}) with .n^mo]p,u{e}) x J^.K!p.u{e}) 
9^o,Piu{e} X 9^o,Piu{e}, we obtain: 

D = Dnmo,s^Dn\Jjsimls)= [j J^(<P,u{e} x 9«?P.u{e}) 



Si,S2 



Si S2 

□ 
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We introduce the following notation. Let D denote the divisor given by a stable 
partition S = Pi U P2. Then for any pair of indices i,j G S, we set 

(2.39) Id{^,j) C P') + C P^) , 

where I{A C B) is the indicator function which takes the value 1 if a set A is 
contained in B, and otherwise. 

Corollary 2.31. Let D denote the divisor corresponding to the stable partition 
S — PiU P2. The order of vanishing of any cross-ratio along D is given by: 

ordo [ij\kl] = i [loit, k) + Id{], I) -lD{i,l)- IdH, k) 

Proof. The formula is invariant under the action of &{S) on divisors and cross- 
ratios. We can therefore fix a dihedral structure 5 on S and assume that D — D2a, 
where a e {A,...,n}. The formula is also compatible with H2.1|l and additive 
with respect to (|2.2|l . By lemma IT^ it therefore suffices to verify the formula for 
[pp + l\q + Iq] ~ Upq, where {p, q\ G Xs,S- It follows from H2.10|l that ord^ij^ Upq 
is 1 if {p, q} = {2, a} and is otherwise. The partition corresponding to D2a is 
{3, 4, . . . , a} U {a + 1, . . . , n, 1}, and it is easy to check that the formula holds in this 
case. □ 



A stable partition 5 = Pi U P2 is conveniently represented as the union of two 
circles, joined at a point e, with marked points corresponding to Pi on the first 
circle, and those corresponding to P2 on the other. Taking iterated intersections of 
divisors, one obtains an operad of bubble diagrams (fig. 11) [Dev2]. Such a diagram 
defines a tree. If we take the dual graph, we obtain a partial decomposition of a 
polygon. Note that we can find dihedral structures 5 for which the labellings of the 
outer edges are in dihedral order with respect to 5. In this way, any bubble diagram 
corresponds to an intersection of divisors at finite distance on a certain number of 
affine pieces 9JIq g in OTo^s- 




Figure 11. A partial decomposition of a heptagon (left), its 
dual graph (dotted lines), and the corresponding bubble diagram 
(right). If the tree is rooted at si, this corresponds to the brack- 
eting (S2, ((S3, S4), (S5, S6, S?)))- 
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2.7. Product maps. The projection maps on Tto,s defined above decrease the 
dimension by one. We wiU also need to consider various maps between products 
of moduli spaces DJIq.Ti which preserve the dimensions. These give rise to special 
coordinate systems on DJIq.s and will be used to define products on period integrals. 
Given two subsets Ti,T2 C S such that \Ti\ > 4, we consider maps of the form 

(2.40) / = /ti X fr, : Mo^s — > 97lo.Ti x OTo,t, • 
Such a map will be called a product map if 

(2.41) iTiHTal = 3, 

S = T1UT2 . 

In this case the dimensions on both sides of H2.40|l are equal, since the equalities 
(|nT|l imply that jS"! - 3 = jTil - 3 + \T2\ - 3. The map / is an embedding, because 
we can place the three points in Ti n r2 at 0, 1, and 00, and each remaining marked 
point s € S is then uniquely determined by the map /t^ where i G {1,2} and 
s & Ti. We can iterate this construction by further decomposing Ti as a union of 
sets satisfying (|2.41|l . Since the composition of two forgetful maps /t is itself a 
forgetful map, we obtain a family of subsets Ti, . . . ,Tk C S such that \Ti\ > 4, and 
a map 

k k 

(2.42) f = \{fT^-- 9?lo,s n ■ 

1=1 1=1 

This is an embedding by construction. The sets Ti cover S, i.e., S = U^^j^T^, and 
the equality of dimensions on the left and right hand sides of (|2.42|l implies that 

k 

(2.43) |^|+3(fc-l) = ^|r,| . 

i=l 

We can then regard 97to,s as a dense open subscheme of nf=i ^o,Ti , and we say 
that / is a non- degenerate coordinate system on OTq.s. Any set of vertex coor- 
dinates {xf} corresponding to a triangulation a G x% si when a has no internal 
triangles, is an example of a non-degenerate coordinate system (this can be veri- 
fied by induction). More precisely, if a;f = Up.q., then we can cover S with the sets 
Ti — {pi,Pi + l, gi, gi + 1}, and identify SHo,Ti with P^\{0, 1, 00} using the coordinate 

, for 1 < i < ^■ If, however, a has internal triangles, then the map / correspond- 
ing to the set of vertex coordinates xf is not an embedding, and therefore cannot 
be a non-degenerate coordinate system. 

Let us fix a dihedral structure 5 on S. This is equivalent, by ii2.5l to choosing one 
of the open cells Xs.s which cover 97lo.s(R). This induces a dihedral structure 6i on 
each subset Ti C 5*, which in turn defines a fundamental cell Xxi.St^ for \ < i < k. 
By construction, fTi{Xs,s) C XTi,Si, and therefore f{Xs,&) C HiLi "'^Ti.A'i . We 
define G/ to be the set of all dihedral structures on S which arc compatible with 
the dihedral structures on each Ti induced by 5: i.e., 

(2.44) G/ = {7 e e{S)/D2n such that 7|t, = 

The precise relation between the domains J^^ XT^.Si and Xs.s is given by: 

fe 

(2.45) r'{X{XT,,5) = II Xs,^ . 

1=1 j£Gf 
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Any point x £ ^5,7 maps via / into Jli "''^^'i-'^i ^^^^ only if^ 7|Ti — Si. Identity 
(I2.45|l follows because the set of cells Xs\j, for 7 e &{S)/D2n, cover 9Jlo,s(K) 
disjointly, by W2.b\ 

We consider two examples of such a map /, one for which G/ is trivial, which 
gives rise to cubical coordinates, and the other for which Gf is as large as possible, 
which defines simplicial coordinates. We will see later in §7 that these special cases 
give rise to the stuffie and shuffle relations for multiple zeta values, respectively. 

We fix a dihedral structure S on S, and write S — {si, . . . , s„}, as usual. Consider 
first of all the covering S = ljr=4 where 

(2.46) Ti = {s2, S3, Si, Sj+i} for 4<i<n, 
and all indices are modulo n, as usual. This defines a map 

n 

(2.47) fu:mo,s ^l[Mo,T, , 

1=4 

which satisfies condition H2.43|l . One verifies without difficulty that this is a non- 
degenerate coordinate system as defined above (or use the fact that \Ti nTi+i| — 3 
for 4 < i < n — 1). We call /□ a system of cubical coordinates on 9Jto,s. In this case, 
G /□ is trivial, since if 7 is a dihedral structure on S compatible with all the dihedral 
structures S2 < S3 < s,; < s^+i on Ti (or S2 > S3 > Si > s^+i), then we must have 
si < . . . < s„ < si (or si > . . . > s„ > si). Each moduli space 9Jlo,Ti — 3^o,4 is 
isomorphic to P^\{0, 1, 00} in six natural ways, corresponding to the six choices of 
cross-ratio on 9Jlo.4. If we identify 9?to,Ti with P^\{0,l,oo} using the coordinate 
U2i — [2 3|i -|- li], for 4 < i < n, then, since Xi-3 — U2i by (|2.8|l . we retrieve the 
explicit cubical coordinates defined in i)2.1l In other words, H2.47|l is just 

/□ = {xi,...,Xi):^mo,s ^ (Ai\{0,l})' , 

and coincides with H2.5() . Each cell XTi,Si is the unit interval (0, 1) in these coor- 
dinates, and Xs^s maps under /□ to (0,1)^. In this case, equation (|2.45|l simply 
states that a product of £ unit intervals is the unit ^^-dimensional hypercube. 
Cubical coordinates come from a product map. If fc > 4, we set 

k n 

5*1 = [J Ti = {s2, S3, . . . , Sfe+i} and S2 = [J Tj = {sfc+i, . . . , s„, si, S2, S3} . 

i=4 i=k+l 

Setting TO = fc — 3, we define the cubical product map ma to be 

(2.48) TOn = ^s^ X fs, ■■ OJlo.s 9Jlo,Si X mo,s, 

{xi,...,Xe) t-> ({xi,...,Xm),iXm+l,---,Xe)) . 

Now, the simplicial case arises by considering the covering S — 1J"^4 Ti, where 

(2.49) T, = {si,S2,S3,s,;} for A<i<n. 
This defines a map 

n 

(2.50) fA-.Mo^s ^1[Mo,t, , 

i=4 



which satisfies condition (|2.43l) and is a non-degenerate coordinate system for the 
same reasons as above (namely |Ti n Tj| =3 for all « ^ j). We call /a a system 
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of simplicial coordinates on S!Jlo,s. It is easy to check that G/^ is bijective to the 
symmetric group on £ letters 

G/a =6{{s4,...,Sn}) ■ 

As above, we obtain an expHcit set of simplicial coordinates by choosing the coor- 
dinate U = [i + 31\32]: SCno,T.+3 = P^\{0, 1, oo}, for 1 < i < £. Thus i^TE^i can be 
written 

and we retrieve the isomorphism H2.3() . As before, the domains XTi,Si map to unit 
intervals (0, 1) under ti_3, and Xs^s maps bijectively under /a to the unit simplex 
{0 < tl < . . . < < 1}. In this case, equation (|2.45(l states that 

(Tee({(T4,...,(T„}) i 

i.e., the unit cube (0, 1)^ is tesselated with £1 copies of the unit simplex. 
Now let fc > 4, m = fc — 3, and set 

k n 

S"! = [J = {si, S2, S3, . . . , Sfc_i, Sfc} and 5*2= [J = {si, S2, S3, s^+i, . . . , s„} . 

1=4 i=fe+l 

We define the simplicial product map m/\ to be 

(2.51) mA = fs^ X fs, ■■ Tlo,s 2Ho,Si x OTo,s. 

1-^ ((tl, . . . (tm + 1, . . . . 

In this case, the set Gm^ is exactly the set &{m,£ — m) of all possible ways of 
shuffling together the sets {s4,...,Sfc} and {sfc+i, . . . , s„} whilst preserving the 
orderings S4 < . . . < and Sk+i < . . . < Sn- In explicit simplicial coordinates, 
which involves setting si = 1, S2 = 00, S3 = 0, and = ti for 1 < i < £, equation 
(|2.45|l is the well-known formula for the decomposition of a product of simplices: 

(2.52) {0 < tl < . . < tm < 1} X {0 < t„+i <..<ti<l} = 

H {0< to.(i) < . . < t^(£) < 1} . 
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3. The reduced bar construction and Picard-Vessiot theory 

The main tool for computing the periods of moduh spaces is a triviahty theorem 
for the cohomology of a variant of the bar construction on the dc Rham complex of 
97lo,s- Although many of the results below hold in considerably greater generality, 
we consider the complement of an afhne hyperplane arrangement M , which is more 
than adequate for our purposes. We first show that the reduced bar construction 
on Vl*{M) defines a Picard-Vessiot extension of its ring of regular functions. This 
is an abstract algebraic analogue of the ring of iterated integrals over M. Then, by 
showing that the bar construction decomposes as a tensor product over a fibration, 
we prove that the cohomology of the bar construction is trivial for fiber-type ar- 
rangements. This result is also proved for quadratic arrangements in the appendix. 
Our point of view, using differential Galois theory, is different from classical ap- 
proaches to this subject [Hal-2,Chl-2, Ko]. The main technical idea is the notion 
of unipotent extensions of differentially simple algebras, which is developed in ii3.6l 
The example 9Jlo,5 is discussed in ii3.8l 

3.1. Shuffle algebras and non-commutative formal power series. Let R be 

a commutative unitary ring. Let A; > 1, let A = {ai, . . . , a^} denote an alphabet 
with k symbols, and let A* denote the free non-commutative monoid generated 
by A, i.e., the set of all words w in the symbols Oj, along with the empty word 
1. Let R{A) be the free non-commutative i?-algebra generated by A. If Vi is the 
free i?-module with basis {oi, . . . , Ofe}, and if we set Vm = V^"^ and Vq = R, then 
clearly 

^(^) = ^™ • 

m>0 

It is well-known [Bou] that R{A) can be given the structure of a cocommutative 
graded Hopf algebra. The multiplication law on R{A) is given by concatenation of 
words, and the coproduct F : R{A) — > R{A) (g) R{A) is defined to be the unique 
coproduct for which the elements of A are all primitive: 

r(aj) = fli (g) 1 -I- 1 ® a; . 

The counit e : R{A) — > i? is given by projection onto the unit word 1. If \w\ denotes 
the number of symbols occuring in a word w € A* , then the antipode map is defined 
by w; I— *■ (— l)''"''u;, where the mirror map w <—>■ w reverses the order of the symbols 
in each word. One verifies that this defines a graded Hopf algebra structure. 

Let Vi denote the i?-module dual to Vi, and let A' — {a[, . . . , a'/,} denote 
the basis dual to A. Then R{A'), the free tensor algebra over , is the graded 
dual of R{A), and inherits a commutative Hopf algebra structure by duality. The 
multiplication law is now given by the shuffle product m : R{A') (g) R{A') R{A') 
which is defined recursively by the formulae: wml = Imw — and 

(3.1) a[wi-aia'^W2 = a-(wi m a^W2) + (a^wi m W2) , 

for all words wi,W2 € A'*, and all a'^,a'j G A'. This is a commutative, associative 
product with no zero divisors. The algebra {R{A'), m), will be called the free 
shuffle algebra on the generators a'j^, . . . , aj.. The coproduct is defined by the map 

(3.2) A:R{A') R{A') ® R{A') 
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and the antipode is given by the map w >^ {—ly'^'w. The counit e : R{A') — > i? is 
given by projection onto the graded part of weight 0, as previously. 

Let R{{A)) and R{{A')) denote the completions of the graded algebras defined 
above with respect to the augmentation ideals kere. These are just the algebras of 
formal power series in A, A' respectively. The Hopf algebra structures A,r, and e 
extend in the natural way to the completed algebras, and we shall denote them by 
the same symbols. 

In addition, we introduce k truncation operators da', for 1 < i < k: 

(3.3) da'^ : R{A') ^ R{A') 

da'.{a'jw) = Si-jW , 

for all a J € A' , w E A'* , where 6ij is the Kronecker delta. It is easy to verify that the 
da', are derivations for the shuffle product, and furthermore, that this determines 
the shuffle product uniquely if we assume that 1 is the unit. The operators da'. 
are dual to the operators w i-^ QiW : R{A) R{A) which afflx the letter to the 
left of words w E A* . That da', is a derivation is equivalent to the fact that is 
primitive for the coproduct F by duality. 

3.2. Arrangements of hyperplanes and the bar construction. Consider an 
arrangement of N hyperplanes Hi, ... , Hn in afflne space A^. Let k denote a field 
of characteristic over which the arrangement is defined. For each 1 < J < iV, 
choose a linear form aj £ . . . ,xt\ such that Hi is the divisor of zeros of a^. 
Let 

Om = k[xi,...,xt, {a~^}i<i<N\ 
denote the ring of regular functions on the complement M ~ A|\ IJ^ Hi. We set 

i Q 

d = y^ T^dxi . 
dxi 

Consider the de Rham complex of Oj\/: 

(3.4) O^Om^ ^\Om) ^\Om) ^ . . . ^ O^(Om) , 

where 1]'-(Oa/) - i<ii<...<ir<JV ^Aidxi-^ A ... A dxi^ is placed in degree r. Let 
H^{Om), for < i < £, denote the corresponding cohomology groups. These are 
fc- vector spaces. Since M is afflne, it follows that H^{Om) coincides with the de 
Rham hypercohomology of Al [Gr]. Consider the set of algebraic 1-forms: 

(3.5) U0.1 = dlogaj , for 1 < i < iV . 

The following theorem is due to Arnold and Brieskorn [0-T, §5.4]. 

Theorem 3.1. The cohomology ring H*{M) is isomorphic to the graded k- algebra 
A generated by the forms coi, for 1 < i < N . 

In particular, the cohomology classes of the forms uji, . . . ,ujn £ ^^{Om) are a k- 
basis for H^{Om)- In this section, all tensor products will be taken over the field 
k unless specified otherwise. Let N denote the kernel of the exterior product 

N = ker (a : H\Om) ® H\Om) H\Om)) ■ 

We will not require the full strength of theorem 13. II only the following corollary. 

Corollary 3.2. // a form uj G A is a coboundary dcj), then it is zero. 
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It follows that N is also the kernel of the map 

A : ^ kuJi®LOj — > ^^{Om) ■ 

l<i,j<N 

For each positive integer m > 2, the vector space Kn(C'M) of integrable words in 
the forms uji of weight m is defined to be 

(3.6) K^(OA/)= n H\Om)'^' ^ N ^ H\Om)'^' ■ 

i-\-j—m — 2 

This is just the intersection of the kernels of the maps for 1 < z < m — 1: 

(3.7) A, : i/i(OM)®'" H\OmT'~^ ® H^{Om) ® H^OmT'^''-^ , 

r]i® . . .®rirn i~> ?7i ® . . . (8) (?7i A rji+i) (g) . . . (X) ?7m ■ 
Its elements can be written as linear combinations of symbols 

/=(n,...,i™) 

where 1 < ij < N, and cj G k, which satisfy the integrability condition: 

(3.8) ^ cjUJi^ (g) . . .(E)uji._^ (g) {oji- Auji.^J (E)U!i-^^ (g) . . .®uji^ =0 , 

for each 1 < j < m- 1. We set Vb(OM) = k, and V^i(Om) = H\Om) = 0,=i A:cj„ 
and define 

(3.9) 1^(0,„)- 0Kn(OA/) . 

m>0 

The vector space of honiotopy-invariant iterated integrals is then defined to be 

(3.10) B{Om)= Om®V{Om) , 

with the obvious grading. This is similar to the zero*'' cohomology group of Chen's 
reduced bar complex on Om, which is usually written H'^{B{^1*Om)), with the 
difference that it is made up of closed 1-forms only (see [Chi, Hal, IIa2, Ko]). 
In order to define a differential on B{Om), we let 

n'B{OM) = n\OM) ®om b{Om) = ^\Om) ®k v{Om) , 

and define d : VL'B{Om) ^ VL'+'^B{Om) by the formula 

/=(ii,...,im) /=(ii,...,i„) 

(3.11) + Y d(j)I®[uJi^\uJi^\...\uJiJi , 

I=(iu...,i^) 

where (/>/ G ^^{Om)- It follows from the integrability condition H3.8|) that d^ — 0. 
We can therefore consider the following complex 

(3.12) ^ B{Om) n^B{OM) n^BiOu) ^ . . . ^ n^B{OM) , 

where il^B{OM) is placed in degree i. Its cohomology will be denoted HI^^{B{Om))- 
By definition (|3.9|l . V{Om) is contained in the free Om shuffle algebra generated 
by Vi{Om)i which is a commutative graded Hopf algebra: 

V{Om) C fc(wi,...,tJAf) . 
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The product in is the shuffle product defined in H3.1|l . and the coproduct A was 
defined in (|3.2(l . One can verify that V{Oai) is preserved by ni and A, and is 
therefore a graded Hopf subalgebra of OM{t^i, ■ ■ ■ ,^^n)- 

Corollary 3.3. B{Om) is a commutative graded algebra for the shujfle product ni , 
and has a natural coproduct A : B{Om) ~^ B{Om) ®Om B{Om). 

3.3. Unipotent extensions of differentially simple algebras. Let k he a, field 
of characteristic 0, and let R denote a commutative, unitary fc-algebra with £ com- 
muting derivations di, . . . ,di. Its de Rham complex begins as follows: 

^ — — . . . , 

i<i<e i<i<j<i 

where the first map is given by / (-^ idif)i, and the second map sends (/i, . . . , fi) 
to [difj — djfi)i^j. The ring of constants of R is the /c-algebra: 

e 

H°{R) = f]kerd, . 

i=l 

Definition 3.4. We say that R is differentially simple if H^{R) = k, and if i? is a 
simple module over its ring of differential operators R[di, . . . ,de]. 

Recall that a differential ideal of R is an ideal I C R such that dil C / for all 
1 < i < i. It is immediate that R is differentially simple if and only if it has no 
differential ideals apart from and R. An equivalent condition is that for every 
non-zero r G R, there exists an operator S R[di, .. .,di] such that Dj-r — 1. 
This is the analogue of the notion of a field in differential algebra. 

Now let us assume that R is differentially simple. Let i? be a differential k- 
algebra containing R, with differentials we also denote by di, . . . ,di. 

Definition 3.5. We say that B is unipotent if H^{B) — k, and if there exists a 
filtration by R[di, . . . , cJ^J-subalgebras W^B of B: 

R = W°B C W^B C . . . C W'+^B C ...CB , 

such that B = [JW^B, and W'^^B is generated, as an algebra over W'B, by 
finitely many elements y such that diy, . . . , dgy G W^B. 

In other words, B is obtained by adding successive primitives to R with respect 
to the operators di, . . . ,di. The following lemma is a variant of a well-known result 
concerning extensions of differential fields by adjoining primitives. 

Lemma 3.6. Let R be a differentially simple k-algebra, and let ri, . . . ,ri € R such 
that dirj = djri for all 1 < i,j < £■ On the polynomial ring R[y], we extend the 
derivations di, . . . ,di by setting 

diy ~ ri E R for I < i < £ . 

The extended operators di commute and are unique. Suppose that no element u E R 
satisfies diU = (i.e., the class of (ri, . . . ,rf) is non-zero in H^{R)). Then R[y] 
is differentially simple. 

Proof. Let / be a differential ideal in R[y\ , and suppose that f{y) G / is a polynomial 
in y of minimal degree n > 1: 

f{y) = a„2/" + a„_i2/""^ + . . . + ao G / , 
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where at £ R, an ^ 0. Since R is differentially simple, there exists an operator 
D e R[di] such that Dan = 1- After applying this operator to the equation above, 
we may assume that a„ = 1. On applying dj, we obtain 

(nri + 9ja„_i)y""^ + . . . + (air, + 9jao) G / . 

By the minimality of f{y), this polynomial is identically 0, so the set of equations 
diU = Tj, for 1 < i < already has a solution u = — a„_i/n G R. This contradicts 
the assumption, and proves that R[y] has no non-trivial differential ideals. □ 

Remark 3.7. Since R[y] is differentially simple, it has no non-trivial quotients. For 
any differential i?-algebra R[r]], where dirj G i? for 1 < i < £, and rj satisfies the 
conditions of the lemma, the element r] is therefore transcendental. 

Corollary 3.8. Let B denote a unipotent extension of R, where R is differentially 
simple. Then B is a polynomial algebra, and every differential R-subalgebra of B 

is differentially simple. 

Proof. Let A denote a differential i?-subalgebra of B. We can formally add primi- 
tives yi, ... ,yp, ... to R, where yp G A, to obtain a sequence of differential algebras 

R c R[yi] c R[yi,y2] c...cA = R[yi, ...,yp,...] . 

Wc can assume that each inclusion is strict, i.e., y^+i is not in R[yi,. . . ,yp] for 
each p> 0. Let 

diyp+i = rp+i,i e R[yi, ...,yp\ . 
Since the ring of constants of B is k, it follows that the primitive j/p+i is the unique 
solution to the equations diU = Vp+i^i ion 1 < i < £ in B, up to some constant 
in k. Applying the previous lemma inductively, we deduce that R[yi, . . . ,yp] is 
differentially simple and pure transcendent for all p > 1. It follows that A is 
differentially simple, and that A is a polynomial algebra. □ 

Definition 3.9. Let B denote a unipotent extension of a differentially simple k- 
algebra R. We say that S is a unipotent closure of R if 

H°{B) = k, and H^{B) = 0. 

A unipotent closure is closed under the operation of taking 1-primitives: for all 

fi, ■ ■ ■ ,fe G B such that difj = djfi for all 1 < i, j < there exists a primitive 

F e S such that ^iF = /i, . . . , d^F = ft,. 

Definition 3.10. A pointed differential k-algebra {R,s) is a differential A:-algebra 
R and a fc-linear homomorphism of algebras e : R ^ k. Now suppose that R is 
differentially simple. We define up(R,e) to be the category of unipotent pointed 
extensions of {R,e). Its objects are {B,e'), where B is a. unipotent extension of R, 

such that the composition R ^ B ^ k coincides with e : R ^ k. A morphism (p 
from {Bi,si) to (B2,£2), is given by a commutative diagram: 

R 

y I \ 

<^:Br — ^ ^2 
ffi \ e i £2 ^ 
k 

Any object B G up(i?, e) is differentially simple by the previous corollary. It 
follows that morphisms in up(i?, e) are necessarily injective. 
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Lemma 3.11. Morphisms mup(i?, e) are unique. 

Proof. Consider two morphisms 4>,(j)' : {Bi,ei) — > {32,62) of pointed unipotent 
algebras over {R,e). If 9,, for 1 < i < £, are the differentials on R, we denote 
their extensions to Bi and B2 by the same symbols. Let W* Bi denote a filtration 
on Bi as in definition 13.51 and suppose by induction that (/) = </>' on W^Bi. Let 
y e WP+^B such that diy € W^Bi for aU 1 < i < Then 

9,(0 - 0')(y) = (0 - 0')(5.y) = , for all 1 < i < ^ 

and therefore <j)[y) ~ cf)'{y) G H^{B2) — k. Since e2(j){y) — e2(j)' [y) — Siy, it follows 
that (l){y) = (t>'{y). Thus = 0' on W^^^B and the uniqueness follows by induction. 

□ 

Proposition 3.12. Let (i?, {9i}i<i<£, e) and {R\{d[}i<i<i,e') denote two differ- 
entially simple pointed k-algebras, and let (j) : {R,s) — > {R',e') be a non-zero 
differential homomorphism. Let {U,e') be a unipotent closure of {R' ,e'), and let 
{B,s) be any unipotent extension of {R,s). Then there is a unique morphism of 
differential algebras 0* : B — > U which extends 4> and which is necessarily infective, 
such that the following diagram commutes: 



The map 0* preserves any given filtrations on B and U , i.e., 4>{WPB) C W^U for 
all p > 0. //, furthermore, H^{B) = and 4> is an isomorphism, then 0* is also an 
isomorphism. 

Proof. Suppose by induction that 0* has been defined on W^B. Since B is unipo- 
tent, W^'^^B is generated by elements y such that diy C W^B. For such y, 



Since H^{U) ^ 0, there exists f e U such that d'J = (f)*{d^y) for all 1 < i < ^. 
We extend the definition of 0* by setting 0*(?;) = f + ky, where the constant of 
integration ky € k is chosen such that ky + = £(?/)• By the previous lemma, y 
is transcendent, and therefore 0* is well-defined. We obtain a map (f>* on the whole 
of B by induction. The previous corollary implies that B is differentially simple. It 
follows that 0* is injective because its kernel is a differential ideal in B not equal 
to B itself. The fact that 0* preserves the filtrations is clear from the construction. 

Now suppose that is an isomorphism and that H^{B) = 0. Applying the 
same construction to (j>^^, we obtain a map (0^^)* : U ^ B. Because of the 
uniqueness of morphisms in up(i?, e), 0*(0^^)* is the identity, and therefore 0* is 
an isomorphism. □ 

Corollary 3.13. A pointed unipotent closure (U,e) over (i?, e) is a final object in 
up{R,e), i.e., every unipotent extension {U,e) —^ {B.e') is an isomorphism. 

We can therefore speak of the unipotent closure [/ of a pointed differentially 
simple ring [R, e) whenever it exists. Since C/ is a union of polynomial algebras 
(corollary 13. 8|l . it necessarily has a fc- valued point over e. 



R 
i 
B 

e\ 




R' 

i 
U 



/e' 



k 



dj<f>*{diy) = (f)*{djdiy) = (j>^{didjy) = 9-0* (9^?;) . 
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Definition 3.14. If U is the unipotent closure of a differentially simple A;-algebra 
R, let Ga\{U/R) be the group of differential automorphisms (f) : U ^ U over R. 

It follows from the definitions that Gal{U/R) is a pro-unipotent group. Now 
let e : i? ^ fc denote a fc-valued point on Speci?. The set of fc-valued points 
{(f) G Homfc(t/, /c) : = e} on Spcct/ lying above e, is a principal homogeneous 
space over Gal([//i?). There is thus a complete analogy between the theory of 
unipotent differentially simple extensions and the theory of covering spaces. 

3.4. Base points at infinity. We need to repeat the theory of unipotent closures 
in the case where the base points are at infinity. In order to do this, we need to 
generalise the notion of a fc— valued point for certain differential algebras. 

Definition 3.15. Let fc be a field. We define 

(3.13) k{ei, ...,e(} = k[[ei, ee]] [-,...,- 

Lei 

to be the differential A:— algebra of Laurent series in e,, equipped with i commuting 
differentials de^, for 1 < i < £. Now define the extension 

(3.14) U{ei, ...,££}- /c{ei, . . . , ee}lL,„ L,J , 

where L^. is the formal logarithm of e^, i.e., d^L^^ = e^^ for 1 < i < i. 

The ring of constants of fc{ei,...,e^} is k, and the extension U{ei, . . . is 
easily verified to be a unipotent closure of k{ei, . . . , e^}, since H°{U{ei, . . . , e^}) = 
fc, and H^{U{ei,...,ee}) =0. 

Definition 3.16. Let R he a. differentially simple /c-algebra with £ commuting 
differentials di, . . . ,di. We define a k{ei, . . . , e^}-point on ii to be a A;— linear ho- 
momorphism 

p:R — * k{ei,...,ee} , 

which satisfies 

pdi = dciP , for all 1 < i < i . 
A k{ei, . . . , e^j-point p : B. ^ k{ei, . . . , e^} defines an ordinary fc-valued point if it 
factorises through R fc[[ei, . . . , e^]]: 

R fc[[ei,...,e,]] k 

\ i 

k{ei,...,ei} 

At the other extreme, we say that the point p is at infinity if ej~^, . . . , e^^ G Imp. 

Example 3.17. Consider the case where k = Q, and R = Q[.t, l/x, 1/(1 — x)] 
with differential d/dx. This corresponds to the projective line minus three points 
pi\{0, 1, 00} = A^\{0, 1}. The set of fc-valued points on R is the set fc\{0, 1}. Each 
fc{e}-point 

P:Q\x,-,-^] ^fc{e} 
L a; 1 — xJ 

satisfies dep{x) = p{dxx) = 1, and takes a; to e + c, where c € k. The set of k{e}- 
points is therefore the set fc. In this case, there are just two points at infinity, given 
by the maps p\ : — > k{e}, where A = 0, 1; defined as follows: 

X e + A 

1 1 
I— > — . 

a; — A e 
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More generally, every corner of the Stasheff polytope Xs,s C s defines a base- 
point at infinity on the ring ©(OTIq^s). Given a triangulation a G ^ of the n-gon 
(5, S), a set of vertex coordinates xf, . . . ,xf f H2.4(l gives rise to a map 

{O{mo,s),d/dxf) -^k{e,,...,ee} 

which sends xf to for 1 < i < £. 

A point at infinity corresponds to a point which is the intersection of a number 
of normal crossing divisors, and will play the role of a tangential base point. 

Definition 3.18. Let R denote any differentially simple fc-algebra, with derivations 
di,. . . ,di. We define a logarithmic Laurent expansion to be a homomorphism of 
differential fc-algebras: 

(f>: R~^U{ei,...,ee} 

There is a natural map A : U{ei, . . . , e^} — > k which projects on to the constant 
coefRcient in the logarithmic Laurent series. It factorises through 

U{ei, ...,ee} — > k{ei, . . . , — > k , 

where the first map sends Lf . to for 1 < i < and the second map picks out the 
constant term in the Laurent expansion 

0'ix,...,il.<^l ■ ■ • ^ aO,...,0 • 

i-i,...,ii>-N 

The map A has a certain number of formal properties, which we will not require 
explicitly. Given a logarithmic Laurent expansion : i? — > U{ei, . . . , e^}, we define 
the map of constants of 4> to be the (fc- linear, additive) map 

\o(j):R~^k . 

Lemma 3.19. Let R be a differentially simple k-algebra, and letp : R k{ei, . . . , ei} 
denote a k{ei, ei} -point. Let B denote a unipotent extension of R. Consider 
any logarithmic Laurent expansion (j) : B —> [/{ei, . . . , e^} over the point p, i.e., 
such that the following diagram commutes: 

B ^ {/{ei,...,e4 

T T 

R k{ei, ...,ee} ■ 

Then (j) is uniquely determined by its map of constants \o (p : B k. 

Proof. This follows immediately using the method of proof of proposition \'6.VA □ 

A map of constants amounts to choosing a constant of integration for each suc- 
cessive primitive in a unipotent extension B of R. We can now copy the results of 
the previous sections for base points at infinity. 

Definition 3.20. Let R denote a differentially simple fc-algebra, and let p : i? — >• 
fc{ei, . . . , } be a fc{ei, . . . , e^}-point. Let ut(i?,p) denote the category of pointed 
unipotent extensions of whose objects are unipotent i?-algebras (B, 0), where 

cj) : B U{ei, . . . , ei} is a logarithmic Laurent expansion (or, equivalently, the 
corresponding map of constants). Morphisms are defined in a similar manner to 
the category up. 

The proof of lemma 15. lll and proposition 13 . 1 21 go through without any difficulty. 
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Proposition 3.21. Morphisms are unique in ut{R,p), and a unipotent closure U 
of R is a final object in the category \xi{R, p) . 

If U is tlie unipotent closure of {R,p), where p is a fc{ei, . . . , e^j-point, then 

(3.15) {^-.U ^U{ei,...,e,} ,^\r=p} . 
is a principal homogeneous space over Ga\{U/R). 

3.5. One-dimensional fibrations and their relative unipotent closures. Let 

R denote a differentially simple fc- algebra, with commuting differentials di, . . . ,de. 
Suppose that we are given N elements /i , . . . , /at € R which satisfy the condition 

(3.16) T~T ^ ^ for aU 1 < i < j < TV . 

Ji ^ Jj 

Consider the i?-algebra 

1 1 



(3.17) R^Ry, , 

equipped with the derivation dy which is the unique it!-linear derivation satisfying 
dyU = 1. Clearly di, dy commute for all 1 < z < ^. Consider the free shuffle algebra 
generated by the symbols wi, . . . , wat over R: 

(3.18) U^ij^ = R®kk{uji,...,ujN), 
and let us extend the definition of dy to ?7j^y^ by setting 



(3.19) dy = dy . 



^ 1 



where the left truncation operators d^^^ were defined in ii3.1l This makes Uj^^j^ into 
a differential i?-algebra. A similar algebra was considered in [Ma], and a specific 
case is studied in detail in §5. The symbol coi represents the formal logarithm 
log(y — fi), for 1 < z < iV. By analogy with the bar construction, we will write 
[wi-^l . . . \uji^] for the tensor cui-^ (g) . . . (g) The following proposition states that 
^R/R ^ relative unipotent closure over the base R. 

Proposition 3.22. H^{Uf^/j^) = R and H\Uj^^j^) = 0. 

Proof. It is a simple exercise to show that the ring of constants of C^^/^ is R- The 
argument is given in the proof of lemma 13.311 and works in complete generality. 
The fact that H^{U^^j^ vanishes is equivalent to the existence of primitives with 
respect to dy over the base R. The key observation is the following identity, which 
is valid in Uj^^j^, by assumption H3.16|l : 

(3.20) 



iy - fi){y - fj) fi - fj ^y- fi y- fj ■ 

Using this, we can decompose elements of R into partial fractions. It suffices, 
therefore, to find primitives of expressions of the form 

where n G Z, and 1 < ii, . . . , im < If n = — 1, a primitive is given by 

[WijwiJ . . . \uJiJ\ 
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by definition. For other values of n, wc can reduce to this case by integrating by 
parts and using induction. It foUows that every element in Uj^^j^ has a primitive 
with respect to dy. □ 

Note that there is no integrability condition to be verified because the fibres of the 
map Spec R — > Spec R are one-dimensional. We now show how to differentiate the 
symbols [cj^j | . . . \wi,^] with respect to the operators di, . . . ,di of the base ring R 
(differentiation under an iterated integral). To do this, consider an i?- linear map 

p:R^R{e}^RM[^] 
which satisfies pdy — p. Then there is a unique logarithmic Laurent expansion: 

T T 

R R{e} 

such that the map of constants is zero on the generators of Uj^^j^, i.e., 

(3.21) A o : Uf^ip. — > R 

[t^jil • ■ • ^ . 

This follows from the inductive method of proof of proposition 13.121 if w = 
[oji^ I . . . l^i^J, and 4>{dyw) = a has already been defined, then (l)(w) is defined to be 
a primitive of a with respect to d^. The constant of integration is normalised by 
the condition \{(l){w)) = 0, since the map H3.21|l is i?-linear. 

Proposition 3.23. The action of the differential operators di on R, for 1 < i < £, 

extend uniquely to Uj^^j^ in such a way that the di commute with each other, and 
such that: 

[d„ (j)] = [di,dy] =0 for alll<i<e . 
For each element w = [u},,\ . . . \uj,J e W'^U^^j^, diW £ W"'~'^U^^j^. It fol- 
lows that Uj^ij^ is a unipotent differential algebra with respect to all the operators 
di, . . . ,de,dy. 

Proof. The map 4> is injective, since U-j^^j^ is differentially simple, and therefore the 
action of the operators di on Uj^^^^ are induced from i?{e}[Le] by restriction. More 
precisely, suppose by induction that the action of the operators di have already 
been defined on W^Uj^^j^, for some p > 0. Let w G ^^"""^^^/ij such that dyW S 
W^Uj^jj^. If we view C^^/^ as a subalgebra of i?{e}[Lc], then we can write 

dydiW = didyW £ U^^j^ . 

The element diW, which is a priori in i?{e}[Lc], in fact lies in Uj^^j^. This is be- 
cause it is a primitive of didyW £ Uj^^^, and we know that H^{Uj^^j^) = 0, and 
H°{R{e}[Lf]) = R. More explicitly, if w = [ui^ \ . . . \uJi^], then we define 

d,w = {l-Xo(j))A , 

where A is any solution in Uj^^j^ to dyA = didyW. The fact that the operators di 
decrease the weight of each such element w is easily proved by induction and is left 
to the reader. □ 
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For each 1 < i < N , there is a unique i?-hncar map 
(3.22) p:R R{e} 

y- fi ^ e , 
such that d^p = pdy. It satisfies: 

1 \ 1 x-^ e'= 



P 



y fj' fi fj ^.^Q ifj fi)'' 



rf.- f.)k for all j^i. 



Corollary 3.24. Suppose that Un is the unipotent closure of R. Then the algebra 
Ur ®fl Ur/r unipotent closure of R. 

Proof. By choosing any map p given by equation (|3.22|) above, we obtain a differen- 
tial R[di, . . . ,di, 9j^]-structure on Ur ^r Uj^^j^. It is clear that a tensor product of 
unipotent algebras is unipotent, and that H'^(Ur^rUj^^j^) = k. Since the operator 
dy is zero on Ur, it follows that H^{Ur ®r U^^j^) = 0. Concretely, in order to 
find 1-primitives in this algebra, first take a primitive with respect to dy and then 
adjust the constant of integration in Ur, using the fact that H^{Ur) = 0. □ 

By iterating the previous corollary we deduce that any differentially simple 
algebra R which is of fiber- type (i.e., an iterated sequence of fibrations) has an 
explicit unipotent closure which is a tensor product of shuffle algebras. 

Theorem 3.25. Let R denote a differentially simple k-algebra, which can be ex- 
pressed as a finite series of extensions of the type \3.1''/\ satisfying \H.16^ : 

(3.23) fc = i?o C i?i C . . . C i?„ = i? , 

where 



(3.24) R^^R^^y^( 1 



^yt ~ ft,i^i<i<Nti 

o.nd ft^i — ft,j is invertible in Rt-i for all 1 < i < j < Nt, and all t — 1, . . . , n. 
Then the unipotent closure Ur of {R,p) exists, and is isomorphic (as an algebra) 
to the tensor product of free shuffle algebras on Nt generators, for 1 < t < n: 

n 

(3.25) UR^R®k(S)H^t-i,---,oJt,N,) . 

t=i 

Rs differential structure is uniquely determined by such a tensor decomposition. 

Proof. This follows immediately from the previous corollary by induction. The 
differential structure is determined by the construction in proposition 13 . 23l □ 

We therefore have an explicit description of the algebraic structure of the unipo- 
tent closure of R for any R which is of fiber type. Note that there may be several 
natural isomorphisms of the form (|3.25|) . even after fixing base-points. 

3.6. Iterated integrals. Let Om denote the ring of regular functions on an affine 
hyperplane arrangement as considered in ii3.2l Om is a differential algebra with £ 
commuting differentials d/dxi, . . . , d/dxi. Suppose that / C Om is any non-zero 
differential ideal. It must contain a polynomial P G k[xi., . . . , xi], since we can 
multiply by suitable powers of the hyperplane equations to clear denominators. 
It is clear that there exists a polynomial Dp in the d/dxi such that Dp P — 1, and 
therefore I ^ Om- It follows that Om is differentially simple. 
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Theorem 3.26. The de Rham cohomology of B(Om) satisfies: 

H^j,{B{Om)) = fc , and H^j^{B{Om)) = , 



and B{Om) is the unipotent closure oj Om- It follows that every differential Om- 
subalgehra of B{Om) is differentially simple, and B{Om) is a polynomial algebra. 

The proof of this theorem is postponed until i )3.7l 

Remark 3.27. The theorem in fact holds in much greater generality. Let F denote 
any differential algebra such that H^{F) = kuji, where uji G ^^{F) satisfy 



If k is the field of constants of F, and if B{F) is defined as in W6.2\ then it is clear 
from the proof f ^XTjl . that H"{B{F)) ^ k and H^{B{F)) ^ 0. Furthermore, when 
F is differentially simple, every differential F-subalgebra of B{F) is differentially 
simple, and B{F) is a polynomial algebra. 

We now recall the definition of Chen's iterated integrals, which will give an 
isomorphism of the abstract algebra B{F) with an algebra of multi- valued functions. 
Let M be a universal covering for M, and let p : M —> M denote the projection 
map. Let b G M denote a base point for M. Given any smooth path 7 : [0, 1] ^ M 
beginning at b, and holomorphic 1-forms 771, .. . G fl^{M), the iterated integral 
of the word r]m ■ ■ - rji (note the reversed order of symbols) along 7 is defined by 



One can show using the calculus of variations [Chi] that the iterated integral of a 
linear combination of forms / — c/ Ui-^ . . . u)i^ only depends on the homotopy 
class of 7 if and only if the integrability condition (jH.SI) is satisfied. In this case, an 
iterated integral varies holomorphically as a function of the endpoint z — 7(1) of 7, 
and therefore defines a holomorphic function on the universal covering M . We can 
realise W{Om) as an algebra of differential forms on M by taking the pull-back 
along the covering map p : M M. When we refer to a multi-valued function 
(or form) on M it will be a linear combination of such iterated integrals with 
coefficients in Om (resp. n*{OM)) (compare the multi-valued de Rham complex 
defined in [H-M]). 

Lemma 3.28. ([Chi, Hal, Ha2j) Let m, ■ ■ ■ ,Vi & n\M). 

(1) Let 1 < m < I, and let &{m,l — m) denote the set of {m,l — m)-shuffles 
defined in '> \2. 7} Then the shuffle product formula holds: 



(2) Let 72 : [0, 1] M denote a smooth family of paths such that 72(0) = b, 
and 7z(l) = z G M. If^jCjuJi-^ . . .uJi^ satisfies the integrability condition 
(j'y.iSjl . we have: 



{^kuJ,^uJj) ndn^F) = o . 
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Definition 3.29. Let Lb{M) denote the OAf-module generated by aU such homotopy- 
invariant iterated integrals on M. We write 17*(L;,(M)) = Li,{M) ®Om ^*(C'm)- 

By the previous lemma, [Li,{M)) is a differential algebra, and there is a map: 

(3.26) pb : VL*B{Om) ^ VL* Lb{M) 

/ I •'1 

which is a surjective map of differential algebras by As above, 7 denotes a 

smooth path beginning at the point h € M . The kernel of pb is a differential ideal, 
and therefore must reduce to zero since B{Om) is differentially simple. Therefore 
(|3.26|l is an isomorphism. 

Corollary 3.30. //{e^} is a basis for B{Om) over Om, then the functions pb{ei) 
are linearly independent over Om- All algebraic relations between the functions 
Pb{ei) are determined by the shuffle product. 

One can determine a basis for B{Om) in the fiber- type case (see Wi.'iy 

3.7. Proof of theorem 13. 26L We first show that the ring of constants of B{Om) 
is k. For any ^ £ B{Om), n > 0, we write ipn = S^n V' for its graded part of weight 
n. 

Lemma 3.31. H^^{B{Om)) k. 

Proof. Let ^ G B{Om) of weight m > 1 such that dip — 0. We write 
ipr ^ ^ // [i^n I • • ■ for < r < m , 

I = (lU...Ar.) 

where each // G Om- Then the graded weight m part of dip is zero: 

(ciV)m = ^ dfi [uJi^ I . . . \u!i^] = . 

\I\—m 

Therefore dfi = and so // G H^Yii^M) = k for all ordered sets / such that 
|/| = m. The weight m — I part of dip is also zero: 

(dV)m-l = ^ fl ^il I ■ • ■ \^^r] + X! dfji^i2 I • ■ • l^ira] = : 

\I\=m J={i2,...,im) 

which implies that 

fh.i2,....i^'^ii + dfi2,...A„, =0 for alH2, . . . ,«m • 

Therefore the forms fii,...,i^i^i-i are exact for alHi, . . . , im- But since we have shown 
that fi-^^...^i^ G A: is constant, this can only occur if fi-^^...^i^ = 0. This implies that 
the weight of '0 is at most m— 1, which contradicts the initial assumption. Therefore, 
any tp such that dip — is of weight 0, and lies in Om- Hence tp G Hy)j^{Om) — 
k. □ 

The following lemma states that we can replace a closed 1— form in B(Om) with 
an element in its cohomology class of strictly lower weight. 

Lemma 3.32. Let ip G n^{B{OM)) be an element of weight m such that dip = 0. 
Then there exists 9 G B{Om) such that k ^ ip — d0 is of weight at most m — 1. 
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Proof. Let 

m 

where 0/ G il^OA/ for all indexing sets /. Since dip = 0, we deduce that 

ni—l 

= ^ fi0/ [wji I . . . |c^i„] - ^ 0/ A cj^i [o^i^ I . . . + ^ d(V'r) • 

/l=m \I\=m r=0 

This implies firstly that d(j)i — for all sets / with |/| — m, and secondly that 

m — 1 

(3.27) ^d(Vr)- X! 0/ Acj,Jw,,|...|tJ,„J =0 . 

r=0 /=(ii,...,i„,) 

Taking the graded part of this equation of weight m — 1, we deduce that 

- ^ 0/ A JcjiJ . . . + ^ (i(/)i2,...,i„ja;ij . . . |tJi„J , 

/=(ii,...,im) i2,---,im 

and so 



(3.28) ^0.,, 



for all / = (ii, . . . ,im)- We have shown that (pi is closed for |/| = m, so we can 
write 

(3.29) = ajj u!j + dgi . 

3 

where aij G fc, and gi G O^/. Substituting into (|3.28|l above, we have 

for all 12, . . . , im- The corollary to theorem 13 . II implies that any linear combination 
of exterior products of forms uoi which is exact, is necessarily zero. Using the fact 
that dgi^^,,,^i^ /\tOii = d{gi^^,,,^i^ AcjiJ is exact, we have 

(3.30) ^ aii,...,i„,j A = , for alH2, . . . , . 
Let 

/=(il,. ..,!„) j 

Since the integrability condition H3.8I) is homogeneous with respect to the weight, 
the integrability of ip implies the integrability of f/'m = X]|/|=m '^^ t'-^n I • ■ ■ \'^im\- 
This is equivalent to a number of Hnear equations of the form X]|/|=m ~ 
where A/ G k. Using the decomposition (|3.29() . and the fact that Im (©j^^ kuji A 
ujj — > £7^(0^/)) and dOM are complementary spaces (this follows from theorem 
(13.11) 1. we deduce that 

(3.31) X a/ J [wj J . . . |w,„J . 

/=(ii,...,i,n) j 
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is integrable, as is J2\i\=m'^9il'-^h \ ■ ■ ■ l^in,]- By adding constants, we can assume 
that the primitives gi of dgi satisfy the same hnear equations X^i/i^m-^^ff^ ~ 
This ensures that 

\I\=m 

satisfies the integrabihty criterion also. The integrability of 6i follows from (|3.31|) 
and H3.30|l . We set 9 ^ 9i + 02 € B{Om)- By construction, we have 

de -ij; = d[ ^ ^ a/ J- [uj-j \uji^ \... \ujij\ + gi [uj^^ | . . . |wi„J) - ip 

= ^ ( ^ ai,j i^j + dgi) [uji^ I . . . \uj.i^] + gi A uji^ [ui^ | . . . \uji^] - ip , 

\I\=m j 

= ^ 91 ^ti N2 I • • ■ - (V'O + • • • + V^m-l) , 

\I\=m 

which is of weight at most to — 1, since all terms of weight m cancel by (|3.29ll . □ 

Given a closed form tp e Q^{Om) of weight m, we defined an expHcit 9 e B{Om) 
such that ip = d9 + ipi, and ipi is of weight < to — 1. In fact, 9 is of weight at most 
TO + 1 . Applying the lemma repeatedly, we obtain a series of forms ipi, . . . , ipm G 
^1^{Om) and 9i, ... ,9m G B{Om), where ipi is of weight at most m — i, such that 

Tpi = d9, + i/j.+i . 

At the final stage, -0™ = d9m- Thus ^ d{9 + 9i + . . . + 9^), and 9 + 9i + ... + 9jn 
is a primitive of tp of weight at most m + 1 . 

As remarked earlier, the argument in the proof of the lemma can be both gen- 
eralised and simplified using spectral sequence arguments (see the appendix). 

Corollary 3.33. H^j^{B{Om)) = 0. 

This completes the proof of theorem l3.26l The fact that every ©M-subalgebra of 
B{Om) is differentially simple, and the fact that B{Om) is a polynomial algebra, 
follows from the results of WS.'S\ 

3.8. Fibrations of hyperplane arrangements. We recall necessary and suffi- 
cient conditions for an affine hyperplane arrangement to decompose as a fibration 
over an arrangement of smaller dimension [0-T]. We deduce from the results of 
t|3.5l that the reduced bar construction has trivial cohomology for fiber-type ar- 
rangements. 

Let Sj = {Hi, . . . , Hn} denote any affine hyperplane arrangement in A^. Choose 
any affine subspace W ^ A"^- contained in A^ and let Vq C denote a complemen- 
tary subspace such that 

A'^ = Vo®W. 

For each z G A^ ^ W, let Vz — Vq + z denote the affine space parallel to V passing 
through the point z £ W. The spaces T4 define a vertical direction normal to the 
base W. We define the set of vertical hyperplanes to be 

S)"" ~ {H G jo : i? contains Vz for some z G W} , 

and let f}^ denote the set of all remaining hyperplanes. There is a decomposition 
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and it is clear that every horizontal hyperplane G ij'* intersects each Vz properly. 
Consider the complements 

M = A\[J H , and M' = W\ [J HnW . 

The linear projection ^ W with kernel Vo induces a surjcctivc map p : M M' . 

Lemma 3.34. The map p is a fibration if and only if the following condition holds: 
for all H,H' G $j such that Hr\H' there exists H" e ij" such that 

H" DHnH' . 

The fibre over z G M' is the complement VzXDHeSj'^iH n Vz). 
The proof is left as an exercise. 




Figure 12. An arrangement M in which fibers over M' C A'^^^ 
(the thick line at the bottom). A vertical hyperplane (dashed) 
passes through every point where horizontal hyperplanes intersect. 



Definition 3.35. An affine hyperplane arrangement is said to be of fiber-type if 
it can be expressed as an iterated sequence of linear fibrations whose fibers are of 
dimension 1. Thus there is a sequence of fibrations 

(3.32) M ^ Ml , . . . , Me_2 M^_i , 
where Ei,. . . , Eg^i, and Eg = Mg-i, are of dimension 1. 

We consider in greater detail the case where the dimension of the fibres is 1. 
Then each fibre is isomorphic to A^ minus a finite number of points. Let us choose 
coordinates compatible with the direct sum decomposition = W (BVq. In other 
words, let xi, . . . ,X£-i denote coordinates on A^~^ = W, and let y denote the 
vertical coordinate on A^ = Vb. Let Om and Om' denote the rings of regular 
functions on the affine schemes M and M' respectively. Let us write the equations 
of all horizontal hyperplanes in the form y—fi = 0, where fi G Om' , and 1 <i < N^, 
for some integer Nh- Thus Hi = ker(y — /i) for 1 < i < Nh- By the previous lemma, 
the fact that M is a fibration is equivalent to the equations (see figure 12): 

(3.33) T~r^^^' ^"^""^^ i<i,j<Nh. 

fi fj 
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We have 

(3.34) Om = Om' 



y •) /» 1 ■ ■ ■ ) r 

V- Ji y- In,, 



We have aheady shown that the rings Om and Om' are differentially simple over 
k. We are therefore in the situation considered in i)3.5l fconipare (|3.1()l) and H^.tTfl ). 

Definition 3.36. Let us write (3i — dy/{y — fi) for 1 < i < Nh- We define the 
relative bar construction of M over the base M' to be the free OM-shufHe algebra: 

(3.35) Bm'{E)^Om{Pi,---,Pn^) ■ 

The relative bar construction is a differential C'j\/-algebra with respect to the op- 
erator d/dy. Note that since E is of dimension 1, there is no integrability condition. 
Proposition 13.221 gives: 

(3.36) H'^iBM'iE)) = Om' , and H\Bm\E)) = . 
Proposition 13 . 23l and its corollary imply the following result. 

Corollary 3.37. For each Om' -linear map p : Om ^ ^a/'[[^]][1/^] which satis- 
fies pdy = d^p, there is a natural action of the operators d/dxi, . . . ,d/dxe^i on 
Bm'{E), such that the d/dxi commute with p. As a result, B(M')®o^^, Bm'{E) is 
the unipotent closure of Om ■ We deduce that there is an isomorphism of differential 
OM[d/dxi, . . . ,d/dxi^i,d/dy] algebras: 

B{M)^B{M')®o,,, Bm'{E) . 

The following theorem follows by induction. 

Theorem 3.38. Let M be a fiber-type affine hyperplane arrangement with fibrations 
l\S.SSt\ . There is a (non-unique) isomorphism of differential algebras 

B{M)=BmAEi)®Om, ■■■®Bm,_AEi-i)®Om,_, B{Ei) . 

Corollary 3.39. The de Rham cohomology of the reduced bar construction on a 
fiber-type affine hyperplane arrangement defined over a field k is trivial: 

H^^ {B{M)) 9i k and H^^{B{M)) = for all i > I . 

The reason why this result is true is essentially because arrangements of fiber 
type are rational K{tt, 1) spaces (see [F-R], [H-M]). By (12. 311 . 97lo,s is a fiber-type 
afiine hyperplane arrangement over Q. 

Corollary 3.40. In the case of moduli spaces 97lo,s this gives: 

H°,^{B{mo,s)) = Q , and iJ^p (5(^0,5)) =0 for all i>l. 

The primitive of a closed form f £ W^ft^B{dyiQ,s) is of weight at most 6+1. 

This result can be proved directly using the fact that the hyperplane arrangement 
TIq^s is quadratic (see appendix 1). This is equivalent to corollary 8.7 in [H-M], 
since S['to,)9+2 = in the notation of that paper. The fact that primitives increase 
the weight by at most one is clear from the definition of the differential (|3.11|) on 
S(Om). 

In the case of the moduli spaces 9Jto,Si we can make the decomposition of theorem 
13.381 totallv canonical by working in cubical coordinates (|2.5|l . The corresponding 
fibrations are given by the maps (xi, . . . , xe) 1-^ (xi, . . . , xg-i) f ii2.3|l . Furthermore, 
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there is a base-point at infinity corresponding to the origin, which is compatible 
with this sequence of fibrations. It is given by the map: 

0{mo,s)^Q\ixt')l<^<i,(-, ) 1 k{eu...,ee} 

L — \l — . . . Xj / i<i<j<ei 

Xi I > ei . 

There is a corresponding logarithmic Laurent expansion over this point, whose map 
of constants is trivial: 

(3.37) B{mo,s) C/{ei,...,ea 



E 

/=(ii,.../ 



c/[wjj . . . 1-^ 



Because we have fixed a k{ei, . . . , e^j-point, the isomorphism in theorem l3.38l is 
unique. 

Corollary 3.41. In cubical coordinates, there is a canonical isomorphism 

e 

B{mo,s) = 0{Tlo^s) (g)Q(Ml0gXfc], [dl0g(l - X, . ..Xk)]l<^<k) , 

fe=l 

where the algebras on the right are free shuffle algebras. 

There is a similar decomposition for any set of vertex coordinates a;" , . . . a;" , 
where a e Xs a does not contain an internal triangle. 

Remark 3.42. In order to compute the periods of 2Jlo,s, we shall only require the 
fact that iJ^(i?(OTo.s)) = 0, where I — \S\ — 3. In cubical coordinates, this is 
equivalent to finding a primitive to 

fdxi... dxi for all / e B(mio,s) • 
We have in fact proved a much stronger result. CoroUarv 13. 411 implies that we can 
find F G B{Tlo,s) such that dF/dxi — f. The constant term of F is uniquely 
determined by the map of constants H3.37|l . In other words, there is a primitive of 
the form 

F dxi . . . dxi-i , 

where the weight of F is at most one more than the weight of /. The primitive F 
constructed in this way has the advantage that is unique. 

Example 3.43. Consider the fibration 9Jlo,5 ^ 9^o,4: whose fibres are isomorphic 
to minus 3 points (fig. 13). In cubical coordinates, we have: 

Om = Om' [y, , ^ 

y 1 - y 1 - a;y-' 

where the fibration map is the projection onto the a;-axis: 
(x,y) >^x:9Jlo.5 ->P'\{0,1,^} . 
There is a natural fc{ei, e2}-point at the origin which sends 

(3.38) p-.Om fc{ei,e2} 

X y-^ €i 

y £2 , 



X \ — X 
1 1 
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Figure 13. In cubical coordinates, there is a natural base point 
at infinity on 9Jlo.5 corresponding to (0,0). 



and which maps, for example, — xy) to X]i>o ^2- The differential algebra 
B{M') — i3(P^\{0, 1, oo}) is the universal algebra of multiple polylogarithms in one 
variable defined in [Brl], and Bm'{E) is the relative bar construction over 0'j^,j. As 
algebras, each one is the free non-commutative algebra on two (respectively three) 
symbols: 

dx , , „ , „ ,dy dy xdy 



B(M') 



x 1 



-) , and Bm'{E) 



V 1 



y 



-) 



xy 



Corollarv l3.41l gives a canonical isomorphism 

B(M') ®o,,, Bm'{E) ^ B{M) , 

and enables us to write down a basis of integrable words in B{M). However, the 
map Bm'(E) B{M) is far from trivial. For example, it gives 



1® [■ 



dy I xdy 



dy 



dx 



dx I xdy 

X 



ydx-. 



dx 



dy 



1 — y ' 1 — xy 1 ~ y 1 ~ x x ' 1 — xy 1 — x 1 — y 

A similar formula was given in [Zh] and [Ha3] . It is obvious that the left-hand side 
is integrable, the right hand side not so. The left-hand coding can be retrieved 
from the one on the right by formally setting dx — 0. The map Bm'{E) B{M) 
is canonically normalised in such a way that, apart from all terms of the form 



] m . . . in [^], its image vanishes on setting dy = y = 0. The logarithmic Laurent 
expansion of this example is given by the multiple logarithm (see ti5.4|) : 

Ui,i{x,y) ^ ^ ^ ^ 



0<k<l 



kl 



where we have written x, y instead of ei, £2. The coding on the left-hand side of the 
equation above only takes into account the differential equations which Lii.i(a;, y) 
satisfies with respect to the variable y (which are very simple) , the right-hand side 
encodes the differential equations with respect to both variables x and y. The 
coproduct of Lii,i(a;, y) can be read off the right-hand coding directly: 

ALii,i(a;,2/) = Lii4(a;,y) ®l + (log(l - y) - log(l - x) + logx) ® log(l - xy) 

+ log(l - x) ®\og{l - y) + I ®Ui^i{x,y) . 
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One can compare this with the coproduct for the motivic muhiple polyfogarithms 
defined by Goncharov [Gol]. 

We therefore have two different points of view on i?(S!Jlo,s). On the one hand, 
there is a direct definition in terms of hyperplane configurations, from which the 
differential structure and the action of the symmetric group are evident. The prob- 
lem is that the complexity of the set of integrable words grows rapidly, and the 
algebraic structure is obscured. On the other hand, using the fibration map above, 
we have a description of S(9}lo,S') as a product of free shuffle algebras, from which 
its algebraic structure is completely evident. But this point of view breaks the sym- 
metry and only part of the differential structure is visible. By exploiting both points 
of view, one can deduce a lot of information about the structure of B(3Jto,s). In 
particular, by regarding it as a representation of the symmetric group, one obtains 
many interesting functional relations between multiple polylogarithms. 
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4. Manifolds with corners and Fuchsian differential equations 

Let X denote a real analytic manifold with corners. We consider functions on 
X which have logarithmic singularities along the boundary of X, and we define the 
regularised limit of such a function along components of the boundary dX. Next, 
we state and prove a generalised Fuchs theorem in many variables, and show that, 
in the unipotcnt case, we obtain solutions on X which are precisely of this type, 
i.e., which have logarithmic singularities along dX. Finally, we state a version of 
Stokes' theorem in the case when X is compact. This requires some regularity 
results which allow the integration of functions with logarithmic divergences along 
the boundary of X. The example to bear in mind throughout this section is when 
X = Xg g is the closed Stasheff polytope defined in ti2.5l 

4.1. Manifolds with corners. A manifold with corners X is a differentiable man- 
ifold whose charts are diffeomorphic to sets of the form 

Up,q = Rf X , 

where M.^ = {a; G R : a; > 0}, and p, g > [B-S]. If > 1, the boundary of Up^q is 
(4.1) dUp^q = y RP X RV X {0} X 



which is a union of sets diffeomorphic to Up^q-i, and is empty if g = 0. Let d'^Up^q 
denote the successive submanifolds with corners obtained by iteration. There is a 
stratification 

Up,q 2 dUp^q 3 . . . 3 9«C/p,, , 

which has the combinatorial structure of a face of a hypercube. There are many 
different ways to define maps between charts depending on how rigid we wish to 
make the manifold X. We require that derivatives of maps between charts do not 
vanish along boundary components, and in order for logarithmic regularisation to 
be well-defined, we must rule out maps of the form x kx : R-|- R+, where 

Definition 4.1. Let n = p + q > 1, and let xi, . . . ,Xn be coordinates on R" such 
that Up^q = RP X R^ = {xi > 0, . . . , a;, > 0}. Let &q denote the symmetric group 
on q letters which permutes the indices 1, . . . ,q. We define Homan{i7p,q, Up^q) to be 
the ring of analytic isomorphisms {i.e., whose Jacobian does not vanish anywhere 
along Up^q): 

(j) = . . . , (j)n) : Up^q > Up^q 

which permute the components of the boundary dUp^q, i.e., 



where cr G 6q, and which satisfy 



dx, 



, for 1 < i < g 



= 1 



In other words, </> = ix^(^i)fi, . . . , x„(^q)fq, (t>q+i, .. ., where fi are analytic func- 
tions such that fi is identically equal to 1 along the boundary component = 
0} C dUp^q, for 1 <i < q. For example, if n = 2 and J7o,2 = {(2^1,2:2) : xi,X2 > 0}, 
the map cj){xi,X2) — {xi + x\x2,X2 + x\) is in Homan(C/o,2, £^0,2)- 
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We define an analytic manifold with corners to be a manifold with corners, all 
of whose transition maps lie in Homan(t^p,g, Up.q). 

It follows from this definition that any <j) G Homan(C/p,5, C/p^g) preserves the 
boundary stratification of Up,q H4.1|l . Any analytic manifold with corners therefore 
admits a global stratification 

X = Xo D D ^2 3 . . . 3 X„ , 

where each Xi is a manifold with corners, and Xi^i = dXi is the union of the 
boundary components of Xi. 

Consider the closed Stasheff polytope X — Xs,s contained in 2JlQg(M). Then 
X is a manifold with corners whose stratification is given by (|2.36l) . To see this, 
let < e ^ 1 denote a small constant, and let e S x| a denote a fc-decomposition 
of the regular n-gon {S,S). This can be completed, in a non- unique way, to a full 
triangulation a € Xs s- Then is a corner contained in the face Ff. = {uij — : 
{i,j} e e}. Define 
(4.2) 

Ue{e) {0 < u,j < e for {i,i] e e , < Ufc; < 1 for {k, I] e a\e] C 97lo*s(R) . 

Since we know that {uij, {«, j} £ a} defines a local coordinate system on 9JIq ^(M) 
(proposition 12 . 1 8|l . Ue{s) is diffeomorphic to a chart Ui^k,k — K^^*^ x R?^ when e is 
sufficiently small. We have (c./., H2.31|l ): 

^s.5=^S.5U|J IJ C/e(e) , forsome£r>0. 

This proves that Xs,s is indeed an analytic manifold with corners, since all tran- 
sition maps between boundary components of charts are given by permutations of 
coordinates. The action of the dihedral group of symmetries on X s,s is a morphism 
of analytic manifolds with corners. 

4.2. Logarithmic singularities and regularisation. We define three sheaves of 
functions on an analytic manifold with corners X which have singularities along its 
boundary dX . They are: 

where J-^^ denotes the sheaf of analytic functions on X, denotes the sheaf of 
functions with logarithmic singularities along dX, and denotes the sheaf of 
functions with both logarithmic singularities and ordinary poles along dX. 

More precisely, let p,q > where n — p+q > 1, and let xi, . . . , x„ be coordinates 
on R" such that Up^q =W x R'| = {xi > 0, . . . , Xq > 0}. Then we define 

T^'\Up^q)cR[[xu...,Xn]] , 

to be the ring of convergent Taylor series in the variables xi, . . . , Xn- Next, we 
define 

(4.3) J''°^{Up,q) - .F^"(;7p,,)[logxi,...,logx,] , 

K°^{Up,,) = T^''iUp,q)[x^\...,X-\\ogXu---A0gXq] , 

where logx^ is the principal branch of the logarithm along R_|_. It follows by a 
monodromy argument that the functions logXi are linearly independent over the 
ring J-^^^{Up^q). Similar rings of functions in one variable (polynomials in logcc with 
analytic coefficients) were considered in [BM]. 
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For each 1 < i < n,\et Vi denote the valuation map on !F^^{Up.q) which associates 
to any function the order of its vanishing along Xi — Q. It extends to a valuation 

once we have adopted the convention that Vi{\ogXi) — 0. 

Lemma 4.2. Let X denote an analytic manifold with corners. Then , J-^°^ , 
and J-^°^ define sheaves on X , and for each boundary component D of dX , the 
valuation map vu on J-^^ is well-defined. 

Proof. Let (p e Honian(C^p,(j, Up^q). It suffices to check that the composition with cf) 
preserves T'^°^{Up^q). Let — {<f)i, . . . ,4>n)- By definition 14.11 and by permuting 
the coordinates if necessary, we have 

(4.4) (j>i{xi,...,Xn) =Xifi{xi,...,x„) , for 1 < i < 9 , 

where fi G T^'^{Up^q). This imphes that fi{xi, . . . ,a;„) > for all {xi, . . . ,Xn) G 
Up^q, and furthermore, Vi{fi) = 0. It follows that 

\og{(j)i{xi, . . . ,Xn)) = ^og{xi) + log(/i(a;i, . . . , for 1 < i < g , 

where log/, £ T'^'^ilJp.q) is analytic. It follows that (j)* T^°^(Up^q) C J^'°s(C/p,,), and, 
similarly, cj)* T^°^{Up_q) C Tp°^{Up^q). The fact that the valuations are well-defined 
along the components of dX follows immediately from l|4.4(l . □ 

We can define the regularised value of a function along boundary components of 
X by formally setting the functions logXi to 0, for 1 < i < q, on each chart Up,q of 
X. 

Definition 4.3. Let / e ^^"^{Up^q), and let 1 < ^ < g. We can write 

/ = fi log'' ^1 ■ ■ ■ log" , where // £ P°^{Up+i,q.i) , 

/=(»!,. ..,i,)eN' 

and // is zero for all but finitely many indices /. The regularized value of f along 
D — {{xi, . . . ,Xn) : xi — . . . = xi = 0} C d'-Up^q is defined to be: 

R-eg(/,i:') /(0....,0)(0, • . .,Q,Xl + l, . . .,Xq,Xq+l, ...,Xn) , 

viewed as a function on 13 = Up^q-i. By construction, Reg(/, D) £ T^°s{D). 

Definition-Proposition 4.4. Let X denote an analytic manifold with corners, 
and let D d d^'X denote any boundary component of X. Then there is a well- 
defined regularisation map along the component D: 

Reg(.,Z3) : T^°^{X) — > T^°^{D) . 

Proof. The transition maps are compatible with logarithmic regularisation by def- 
inition im Let 4> G IIoman(L'p.q, Up^q). Then, up to permuting coordinates, (f) is of 
the form = -\- xigi), . . . , Xq{l -\- Xqgq), 4>q+i, . . . , It follows that 

log0, = logXi + log(l + Xigi) , for 1 < i < g , 

and the term log(l -f Xigi) vanishes at Xi = 0. It follows that logarithmic regular- 
isation along = is well-defined for 1 < i < q. By regularising with respect to 
one variable at a time, it follows that regularisation along an arbitrary boundary 
component D C d'^X is well-defined also. □ 
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Remark 4.5. Clearly we can extend the regularisation map for polar singularities 

by mapping all negative powers of coordinates Xi, . . . , a;/ to zero also (this is just a 
map of constants as defined in H3.4|) . 

4.3. Fuchsian difTerential equations in several complex variables. Consider 
the open complex affine space obtained by complexifying Up,q: 

Cf + «\{Zl ...Zg = 0} , 

and let Vp^q denote an open polydisk neighbourhood of the origin contained in 
CP^'^\{zi . . . Zq = 0}. We require a generalised Fuchs' theorem which we solve 
locally on the spaces Vp^q. Let m > 1, and consider the differential equation: 

(4.5) dF ^flF , 

where F takes values in the set of m x to complex matrices Afm(C), and where 

(4.6) n = ^N, — + A,dz, . 

Here, Ni e Afm(C) are constant matrices, and each Ai is a holomorphic function 
on Vp^q, which takes values in il/„i(C). Assume that D, is integrable, i.e., 

dn = nAn. 

This implies, in particular, that the matrices Ni commute: 

(4.7) [Ni,Nj] = for all 1 <i,j <n . 

Let us write n = p + q > 1, and suppose that Ni — for all q+1 < i < n. The form 
f2 is continuous on Vp^q . Let us fix branches of the logarithm log Zi for i — I, . . . ,q 
on Vp^q. In practice, we will choose a real subspace W x M'^ = Up^q C Vp,q and take 
the unique branches of the logarithm which are real- valued on Up,q. The function 



D ^expij^N.logz,) 



1=1 

is a well-defined multi-valued function on Vp,q because the matrices Ni commute. 
The following result is a generalized Fuchs' theorem in many complex variables. 
Similar situations have been considered in [De3,Yo]. 

Theorem 4.6. Suppose that for each \ < i < n, no pair of eigenvalues of the 
matrix Ni differ by an non-zero integer. Let Hq S Mm(C) be any constant matrix. 
Then has a unique solution 

F = HD , 

where H : Vp,q Af„i(C) is holomorphic and takes the value Hq at the origin. 
Proof. The matrix D is invertible, and is a solution to the differential equation 

dD={j:mf)D. 

i—i 

It follows that F — HD is a solution of H4.5|) if and only if 

" dz 

(4.8) dH = "^[N,,H] — + A,H dzi . 
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If we write dk — d jdzk-, then this is equivalent to the set of equations 

(4.9) dkU ^{Nk,li\— + AkH , forl<fc<n. 

^k 

A solution H is holomorphic on Vp.q if and only if it can be written as a power 
series 

(4.10) H= ^(u,...,.„)^i^---4" , 

0<n,...,0<j„ 

where the coefficients H/^i^ i^) E M„i{C) satisfy a growth condition. By substi- 
tuting such a power series expansion into 1)4. 9|l and considering the coefficient of 
zl^ . . . z^" , we obtain the following recurrence relations: 
(4.11) 

(ifc + l-ad(A^fc))i7(,^.. = (^fc)bi,...j„)^(n-ii,...,*„-i„) 

0<ji<ii,---,0<j„<i„ 

for each 1 < k < n, where (^fc)(ji,... j„) are the coefficients in the power series 
expansion of Ak ■ Now consider a matrix M G Mm (C) . If we denote the eigenvalues 
of M by Qfi, . . . , am, then the eigenvalues of ad M are ai — aj. The assumption on 
the eigenvalues of iV^ is therefore equivalent to the invertibility of the operators 

(m - ad {Nk)) for aU to e N , 

and for each 1 < k < n. The operator on the left hand side of H4.11(l is therefore 
invertible, so we can solve H4.11|l iteratively, provided that these equations are 
compatible. This means that we must show that the two different ways of obtaining 
-H'(ii,...,ifc+i,...,i,+i,...,i„) by applying (|4.11|) first for k and then for I, or the other 
way round, both lead to the same answer. This is equivalent to the integrability 
of the form Q. In order to see this, write f2 = ^idzi, where fli — Ri + Ai, and 
Ri — Ni/zi, for I < i < n. The integrability of Q and the commutativity of the Ri 
implies the following equations for all 1 < z, j < n: 

djfli = diflj + [H.jjil.i] , 
djRi = diRj + [Rj, Ri] . 

It follows that the expression 

(t)^jiM) = {djfli + n^nj)M - n.MRj - VLjMR, + M{RjR, - djRi) 

is symmetric in i,j for all matrices M £ Mm(C). But equations H4.9|l are precisely 
the set of equations diH = ftiH — HRi for 1 < i < n. It follows, on applying dj to 
each equation, that 

djdi H — (j>ijH for all 1 < i, j < n . 

One can check by differentiating a truncated power series expansion for H that 
the compatibility of the equations (|4.11|) up to a given weight is a consequence of 
the symmetry of the operators (pki, for all 1 < k,l < n. We can therefore solve 
(j4.11|l recursively to obtain a solution of 1)4.8(1 of the form H4.10|l . It remains to 
check that the function H defined in this manner is holomorphic on Vp^q. Since the 
series Ak for 1 < k < n are holomorphic on the polydisk Vp^q, there exist constants 
ri , . . . , r„ > and a constant c > such that 



(4.12) 



\\iAk)^^,,...,^J\<crY ...rl: foraUl<fc<n 
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For m > 1, let Em — sup]^<^.<„ ||(m — adA^fc)|| ^- By the assumption on the 
eigenvalues of Nk and the remarks above, ^ as to — > cx). It follows from 
(|OT|l that 

(4.13) ||i?(ji,...,jj^+i,...,j„)|| < e-ij^+i ^ ll(-4fe)oi,...j,.)|| II -H"(ii-ji,...,i„-j„)|| • 

0<3i<ii 

Now let Sfe > Tfe, for 1 < fc < n, and let to be sufficiently large such that 
^mcUtiij^J<^- Set 

l|gfa....,v)ll , 
e = sup — < oo . 

0<ii ,. . . ,in <mi, S-^ ... Sn 

Let Af > m, and suppose by induction that | |i?(ii,...,i„) 1 1 < esl'-.-.s!^ for all 
< ii, . . . , i„ < M. This is true when M = m by the definition of e. Then, by 
applying 14.121) . we deduce from 14.13|1 that 



l^^(zi,...,M+i,...,«„)|| < £Af+i ^ "^^l^) ■■■(t^) 



0<ji<ii,...,0<j„<i 



By induction we deduce that | |-ff(ii....,i„) 1 1 < es^i • • • Sn" for all (ii,...,j„). This 
holds for any set of constants si, . . . , s„ satisiying Si > ri, which proves that H is 
holomorphic on Vp^q, as required. □ 

We will be interested in the case where the matrices Ni are all nilpotent. It then 
follows that the matrix 

q 

D = eyip{^Ni log Zi) 

i=l 

has coefficients which are polynomials in log Zi. Since all eigenvalues of Ni are 0, the 
condition of the previous theorem is satisfied, and therefore there exists a matrix 
solution F to equation 1)4. 5|) whose entries Fab are polynomials in log zi , . . . , log Zq 
whose coefficients are convergent Taylor series in zi, . . . , z„: 

Fab C C[[zi, . . . ,z„]][logzi, . . . ,log2;,] . 

Definition 4.7. Let X denote an analytic manifold with corners. An integrable 
1-form f2 defined on X is unipotent of Fuchs ' type if, locally on each chart of the 
form Up^q, H. restricts to a 1-form of type H4.6I) . where the matrices Ni are nilpotent. 

As remarked in ^4.21 there are canonical branches of the functions log Zi on local 
charts of X. The solutions to (|4.5|l will therefore be real- valued on X. 

Corollary 4.8. Let be a real-valued unipotent integrable 1-form of Fuchs' type on 
X. Suppose that X is simply connected. Then any solution {Fab) to defined 
in the neighbourhood of any point x € X extends over the whole of X . This gives a 
global solution of \4-5\ whose coefficients satisfy Fab G T{X,J-^°^). 
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4.4. Stokes' theorem with logarithmic singularities. The key argument in 
our proof of the main theorem is to apply a version of Stokes' theorem to the man- 
ifold with corners Xs,s- This requires integrating functions which have logarithmic 
singularities along the boundary. 

Lemma 4.9. Let X denote a compact analytic manifold with corners of dimension 
n. Let tp e f2"(X) denote an n-form on X whose coefficients lie in T^^. Then tp 
is absolutely integrable on X if and only ifip has no poles along dX. 

Proof. If ip has a pole of order fc > 1 along some component of dX, then there is a 
chart on X of the form Up^i such that ip = f dxi . . . dxn, where / can be written 

1 ^ ■ 1 ^ 

f{xi,...,x„) = — ^/,(a;2,...,a;„)log'a;i + ^5i(a;i, . . . , a;„) log' a;i , 

^1 i=0 ^1 i=0 

where fi,gi G T^^{Up_q) are analytic on xi > 0. . . . ,.t„ > 0, and /at is not iden- 
tically zero. Since the term (loga;i)^ dominates the other powers of logxi near 
Xi = 0, it follows by continuity that there is a small box 

B{£) = {{Xi, ...,Xn)--Xi& [0,£], X2-a2,...,X„-ane [-£,£]} , 

where a2, ■•■,««> 0, and a constant c > such that 

i/i>4iiog^ii''' 
^1 

for all {xi,X2, ■ ■ ■ ,Xn) G B{e) whenever £ > is sufficiently small. It follows that 

/ |/|d.Ti...dx„ >c(2e)"-i r \\\ogxif dxi = ^ , 
Jx Jo X\ 

and therefore ip is not absolutely integrable. 

Now suppose that tp has no poles along dX. Then in each small chart of the 
form f/p,(j, we can write = f{x\, . . . , x^^dxx . . . dXn, where 

f{Xi,...,Xn)= ^ {\0gXiy^...{\0gXqy''fi{xi,...,Xn), 
I={ii,...,ig) 

where fi{xi, . . . ,Xn) G J^^'^{Up^q), and almost all // arc identically zero. But the 
function log a; is integrable on any interval [0,t), where t > 0, and since sums and 
products of integrable functions are integrable, it follows that / is integrable locally. 
Since X is compact, we can find a finite partition of unity on X, and deduce that 
/ is absolutely integrable over the whole of X. □ 

Wc can therefore integrate functions which have at most logarithmic singularities. 
The following lemma implies that primitives of functions on X which have at most 
logarithmic singularities extend continuously to dX. The essential point is that 
the 1-form logxdx on M+ has a logarithmic singularity at 0, but its primitive, 
xloga; — X + c, is continuous at a; = 0. 

Lemma 4.10. Let X be an analytic manifold with comers. Let tp G r2"(X) have at 
most logarithmic singularities along dX, and let G fi"~^(X) denote a primitive 
of tp which has no poles along dX. Then ^ is continuous on the interior of dX. 
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Proof. It suffices to prove tfie result on each, cfiart of X isomorpliic to Up^q with 
coordinates xi, . . . ,Xn as above. Let -0 = fdxi . . . dxn, where / £ J-^°^{Up,q). We 
write ^' = J^'^^ii-^Y'^Pidxi . . . 3x» . . . dxn, where Fi G T^°^(Up,q) for I < i < n. 
Let 

F,^J2 log'' ^^fc ' 

fe>0 

where Fi,k G J-^°^{Up^q) is analytic in the coordinate and is zero for all but 
finitely many indices k. Since X^iLi dFi/dxi = /, we have 

" 1,1 k~l 

^. ''" F,,k{xi,...,X,-uQ,X,+ U---,Xn)eP°^{Up^q) . 
i=l k>l * 

This implies that Fi k{xi, . . . , x^^i, 0, Xi+i, . . . , x„) = for all 1 < i < n, k > 1, 
and therefore Fj e Cpogxi, . . . ,XilogXi, . . . ,\ogXq][[xi, . . . ,a;„]]. It follows that 



dxi . . . dxi . . . dx„ 



is continuous for all 1 < « < n. Thus ^' is continuous along the interior of dX. □ 

We can now state the following version of Stokes' theorem. 

Theorem 4.11. Let X denote a compact analytic manifold with corners of dimen- 
sion n. Let -ip e r2"(X) be an n-form such that ip has no poles along dX, and let 
^ £ 51"^^ (X) be a primitive of ijj such that ^ has no poles along dX either. Then 
extends continuously to dX , and 



0= / VI/ , 

X JdX 



where both integrals are finite. 



Proof Let Up^q{e) ^ W x where = {x e M : a: > e}. By lemma lOl 
is integrable on X. We know that vp extends continuously to dX by the previous 
lemma. On each small chart of X we can apply Stokes' theorem: 

i/j = lim V = lim / ^1/ = / vf; ^ 

and all terms are finite. Since X is compact, we can find a finite partition of unity 
and apply the above identity locally. The result then follows in exactly the same 
way as the usual proof of Stokes' theorem. □ 

In the case which interests us, when X ~ Xs.s, we can define the following 
exhaustion of the polytopes Xs.s- For all small e > 0, we set 

^s,<5 = {"y > {iJ}^Xs..s}- 
The required version of Stokes' theorem is then immediate: 

= Hm / -0=1™/ * = / * • 
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5. Hyperlogarithms 

We give an explicit description of the constructions in the previous two sections 
when the dimension is 1, i.e., when M is the affine line minus + 1 fixed 
points do, ... , <Jn ■ However, we need to consider iterated integrals whose path of 
integration has endpoints at one of the removed points ai , and so do not necessarily 
converge. This requires a regularisation procedure which can be solved for all 
iterated integrals simultaneously by considering their generating series. 

5.1. Hyperlogarithms and differential equations. Let iV > 1, and let A = 

{flo, . . . , ajv} be an alphabet with + 1 letters. We fix any injective map of sets j : 
C, and set (Jq = j(ao), . . . , ajy = jio-N)- Let S denote the set j(A)U{oo}, and 
let D = P^(C)\E denote the complex plane with the points ak removed. Consider 
the following formal differential equation: 

(5.1) f^^(z)=^^F(z), 

which is an equation of Fuchs type, whose singularities are simple poles in E. Let 
F{z) be a solution on D taking values in C((^)). If we write 

F{z) = J2 ^ 
then H5.1|l is equivalent to the system of equations 
(5 2) -F iz)-^^ 

for all < fc < TV and all w € A* , together with the initial equation dFi{z)/dz — 0, 
where 1 denotes the empty word in A* . The term Fi{z) is therefore constant. 

One can construct explicit holomorphic solutions L^{z) to (|5.2|) on a certain 
domain U obtained by cutting C. These functions extend by analytic continuation 
to multi- valued functions on the punctured plane D, and can equivalently be re- 
garded as holomorphic functions on a universal covering space p : D D. Since no 
confusion arises, we shall always denote these functions by the same symbol L^iz). 
For each < k < N, choose closed half-lines £{ak) C C starting at ak, such that no 
two intersect. Let U — 'C\[j^^^^£{ak) be the simply-connected open subset of C 
obtained by cutting along these half-lines. Fix a branch of log(2 — do) on C\£{ao)- 

Proposition 5.1. Equation ]5.1\i has a unique solution L{z) on U such that 

L{z) = fo{z) exp(ao log(z - cto)) , 

where fo{z) is a holomorphic function on C\ Ufe^^o ^('^fe) which satisfies fa{ao) = 1- 
We write this L{z) ~ (z — <jq)°'° as z ^ ctq. Furthermore, every solution of ^5.1\i 
which is holomorphic on U can be written L{z) C, where C G C((X)) is a constant 
series (i.e., depending only on T,, and not on z). 

The proposition can be deduced from theorem l4.6l and a direct solution is given 
in Gonzalez-Lorca's thesis [GL]. We use another approach here, since we require 
an explicit formula for the functions L«,(z) which is originally due to Poincare 
and Lappo-Danilevsky [P, LD]. First, let A*^ denote the subset of all words in A* 
which do not end in the letter ap, and let 'C{Ac) C C(v4) denote the sub- vector 
space they generate. It is easy to verify that C{Ac) is preserved by the shuffle 
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product. If w €z A* and w =/= 1, the hmitmg condition given in the proposition 
is just liuiz^ao Lw{z) = 0. If we write w — aQ''ai^aQ''^^ ai^_^ ...OQ^aij, where 
l<ii, ■ ■ ■ ,irl£N, then Lw{z) is defined in a neighbourhood of ctq by the formula 
(5.3) 

(-1)'" / z-o-Q A^V -^^^0 / Z-(To 



which converges absolutely for |z— ctqI < inf{|CTij — cto|, ■ • ■ , \<^ir~'^o\}- One can easily 
check that this defines a family of holomorphic functions satisfying the equations 
(15.21) in this open disk, and that the limiting condition is trivially satisfied. 

The functions extend analytically to the whole of U by the recursive 

integral formula: 

(5.4) ia.»(^)- r^dt 



which is valid for all < fc < and all w G A*. Since iterated integrals are 
homomorphisms for the shuffle product f lemma l3.28() . we also have 

(5.5) L^{z)Lj^>{z) = L^nuiw'iz) for aU w,w' e A*^ , 

where L is extended by linearity to all words w £ C{Ac). It follows from the 
definition of the shuffie product that any word in A* can be uniquely written as a 
linear combination of shuffles of Oq with words in A* : 

w — Oq mvn , where w„ £ C{Ac) . 

n>0 

We can therefore set 

Lq(,(z) = log(z - (To) , 
and extend the definition of L^(z) to all words w £ A* hy demanding that L^^j^z) 
satisfy the shuffle relations L^{z)L'^{z) = Ljj^m^i[z) for all w^w' in A*. One 
verifies that the functions L^{z) can be written in the form H5.4|l for all words 
w € A*, for w ^ Qq, and are solutions to 1)5.21) . In order to prove that fo{z) — 
L{z) exp(— flo log(z — CTo)) is holomorphic at z = ctq, we use the following lemma. 

Lemma 5.2. ELo("l)' ™«o m = mod C(A*) for all w e A* . 

Proof. Let da^ denote the truncation operator with respect to the letter oq defined 
in §3.1, but which acts by truncation on the right, i.e., dagUiai = SoiW, where Soi 
is the Kronecker delta. It is a derivation with respect to m . If we apply it to the 
left-hand side of the equation, we obtain zero, by the Leibniz formula. This implies 
that the left hand side is a linear combination of words not ending in oq. □ 

Remark 5.3. The operators da^ are related to the 'derivations etrangeres' defined 
by Ecalle [E]. 

Using the fact that a™' = Hal, '^^ have 

/o(z) = i(z)exp(-ao log(z - (To)) = ^ L^{z) w ^{-Ifal L^^^{z) . 

weA* i>o 

It follows from the previous lemma and the shuffle relations for the functions Lw{z), 
that the coefficient of each word wCq, where w £ A*^ and n > 0, is a linear combi- 
nation of Lygi{z), where w' £ A*^. These are holomorphic at z = do by construction, 
and this proves the regularity condition for fo{z). 
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In order to prove the uniqueness statement in the proposition, let K{z) be 
any other solution of (|5.1|l which is holomorphic on U. The series L{z) defined 
above is invertible, as its leading coefficient is the constant function 1. Let F{z) — 
L{z)~^K{z). On differentiating the equation K{z) = L{z)F{z), we obtain 



N N 

\ ^ a 



^ ^^K{z) = -^mF{z) + L{z)F'{z) , 

by (|5.I|I . and therefore L{z)F'{z) = 0. Since L{z) is invertible, F'{z) = 0, and so 
F{z) is constant. This completes the proof of the proposition. 

Remark 5.4. The functions L^iz) are known as hyperlogarithms and were originally 
defined by Poincare and Lappo-Danilevsky. They were recently resurrected by 
Aomoto [Aol-3], Ecalle [E], and Goncharov [Gof-3]. It is clear that Li{z) — 1, and 

= i^log"(^^) if ^>i, 

Lasiz) = ^log"(z-(7o) , 

for all n e N. Note that La"{z) depends on the choice of branch of log(z — (Tq) 
which was fixed previously, but that the functions La"{z) do not. They are the 
unique branches which satisfy the limiting condition La"(cro) — 0. 

Given a branch of log(z — (Jk) on 'C\l{ak) for each 1 < fc < iV, we obtain by 
symmetry a solution to (|5.1|l corresponding to each singularity. 

Corollary 5.5. For every < k < N , there exists a unique solution L°'''{z) of 
equation ]5.l!^ on U such that 

L'^''{z) = fk{z)exp{aklog{z - ak)) , 

where fk{z) is holomorphic on C\ £((Ti) and satisfies fk{<^k) = 1- 

The quotient of any two such solutions is a constant non-commutative series known 
as a regularised zeta series. Using these series, one can determine the monodromy 
of hyperlogarithms explicitly ([Br2]). 

5.2. The bar construction on P^\S. In this situation, the variant of the bar 
construction defined in §3 is very easy to describe. Let k denote any subfield of C 
which contains gq, . . . , crjv. The ring of regular functions on P^\I] is simply 

='(— ) 

Since P^\I] is of dimension one, the integrability condition is trivially satisfied. Let 
A}^ = {V^o, • ■ ■ J V'Afjj where V-'i = d\og{z — di), ior Q < i < N . The cohomology 
classes of the forms ■01 form a fc-basis for _ff^(P^\E). Clearly V'l A -^j =0 for all 
< «, j < A^, and therefore i3(P^\E) is a shuffle algebra 

(5.6) B(pi\I]) = ®k fc(A^) , 

equipped with the derivation 

N 

( ^ \ . 
\ y. — ri / 

z=0 



Oy^^k 



l<j<N 



, N 
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where the truncation operators were defined in Let L(P^\I]) denote the 

Os-algebra generated by the coefRcients of a solution L to (|5.1|l . The analogue of 
the map H3.26|l is the differential homomorphism: 

(5.8) p:S(pi\E) — > L(pi\S) 

w ^ Lw{z) , 

which is the identity on Os. Theorem l3.26l implies that this map is an isomorphism. 

Corollary 5.6. The functions L^iz), for w € A* , are linearly independent over 
Os- Every function in L(P^\S) has a primitive which is unique up to a constant. 

The construction of the functions iu,(z) used a decomposition of i3(P^\I]) into 
convergent and non-convergent parts. This used the fact that the map 

{u®v 1-^ umv) : Z{Ac) Z(ao) , 

is an isomorphism of algebras. We can therefore define 

(5.9) B,„(P^S) = Os(Ac) , 

to be the sub-algebra of convergent iterated integrals (indexed by words not ending 
in oq). It is a differential algebra for the derivation d defined in (|5.7|l . We have 

B(pi\I]) ^ B.„(P^S) ®k[.A/{z~ao)] Bi¥\{<Jo, ^}) . 
There is a corresponding decomposition 

L(pi\s)) = L,„(p^s) ®k[z.i/iz-.„)] £(p^{fTo, oo}) , 

where L(P^\{cro, oo}) ^ k[z,l/{z — CTo),log(z — tro)]- Correspondingly, the hyper- 
logarithm realisation (|5.8(l decomposes as a product p — pa-g (8) p', where 

PcTo {w) — w , for all w e Ac . 

J (To 

This is a convergent iterated integral, even though the base point ctq does not lie 
in the space P^\I]. The logarithmic divergences are completely determined by the 
realisation p' : B{F^\{ao, oo}) L{F^\{crQ, oo}), where p'ioo) = log(z — ctq). 

Remark 5.7. In general, the points ao, . . . , <tn will not be arranged symmetrically. 
In this case, one needs to do a genuine analytic continuation of the functions 
Luj{z), since the formula 1)5. 8|l is not valid outside its radius of convergence. Lappo- 
Danilevsky described a technique for dealing with this situation, which is described 
in [Br2]. This extra complication will not arise in the present context. 

5.3. Quotients of the hyperlogarithm equation. Now we shall consider the 
case where the coefficients in H5.1() satisfy relations. Therefore, let A = {oq, . . . , aAc} 
be an alphabet with + 1 letters as before, and consider an ideal 

/ C C(ao, . . . , On) ■ 

Typically, / will be generated by commutators of the form [0^,0^] for i ^ j. It 
defines a closed ideal we also denote by / in the completed algebra C{{A)). Let 

n:C{(A))^C{{A})/I 

denote the quotient map. Consider the analogue of equation H5.1|) : 

(5.0) I^M.^ZM^W, 

i=0 
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where, this thiie, F takes values m the quotient ring C{{A))/I. An equation of this 
type will be called a hyperlogarithm quotient equation. 

Corollary 5.8. There exists a unique solution F to the hyperlogarithm quotient 
equation ^5.10^ with solutions in C{{A)) / 1 such thatF{z) ^ (z — ctq)'^^"''^ as z (Tq. 

Proof. The existence follows immediately from proposition 15. II on applying tt to a 
solution of (|5.1|l . The uniqueness is proved in the same way. □ 

Now let L{I) denote the Os-module of functions generated by the coefficients of 
a solution F to H5.10|l . It is a differential submodule of L(P^\I]). More precisely, 

L{I) = ® {^{A)/lY c Os ® {C{A)Y = L(pi\I]) . 

It follows that the coefficients of solutions to (|5.10() are linear combinations of 
hyperlogarithms. If / is a Hopf ideal, i.e., VI C lOl + I®!, then L{I) is an 
algebra by duality. Theorem 13 .261 immediatelv implies the following corollary. 

Corollary 5.9. Suppose that I is a Hopf ideal. In this case, L{I) is a unipotent 
extension of Os . In particular, it is a differentially simple polynomial algebra over 
Os whose ring of constants is k. 



As an example, consider the equation: 

dF foo ai 



F 



dz \ z z ~ 1, 

on P^\{0, 1, oo}, and let / C C(ao, ai) denote the ideal generated by [oq, ai]. Then 
F = exp(ao log z + ai log(z — 1)) is the unique solution satisfying F ~ exp(oo log z) 
as 2; — > 0. The differential algebra L{I) is just C[z, 1/z, l/{z — 1), log z, log(2; — 1)]. 

5.4. Multiple polylogarithms and hyperlogarithms. We recall the definition 
of the multiple polylogarithm functions, which were defined by Goncharov [Gol-4]. 
Let Til, . . . , rir € N, and consider the power series 

(5-11) Lini, (21, 2r) = ^ TTTi 7^' 

0<fei<...<A,v ^ 

which converges absolutely for < 1 if > 2 and for \zi\ < 1 in general. 
Now let f > 2, . . . , Xi-i € C, and set S = {cro, . . . , cr^, oo}, where 

CTo = , ai — 1 , and ai — {xg-i+i . . . xg-i)^^ for 2 < i < £ . 

Let A — {ao,...,a£} as previously, and let w = clq'^"^ ai^ . . .a!^^'^^^ ai^ G C(^), 
where 1 < ii, . . . , v < ^- We suppose that the points Ui are distinct and finite 
(compare H2.5|l V Let us consider the points x\, . . . ,xi-.\ as being fixed, and let 
xg G P^\S denote a free variable. By H5.3|l . the coefficients of the corresponding 
hyperlogarithm function with respect to xi, are given near = by the formula 

= E n,. (:r,,. .:r,)"'^(x,-,. . (x,„. . x,)— - 

ift 1 ... TiLf 

l<mi < . ..Kin-r 

I iNrr- (X^^^...X(, Xj^._,...Xl \ 

= (-1) hl.n^....,nA— ,Xj^...xA , 

\ Xj2 . . . Xi Xj^ . . . X£ / 

where we have set jfe = £ — ifc + 1 for 1 < fc < r. It follows that such a multiple 
polylogarithm, considered as a function of the single variable a;^ , is a hyperlogarithm 
function on P^\E. The relation between the multiple polylogarithm viewed as a 
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hyperlogarithm in xe, and the multiple polylogarithm viewed as a function of all 
its variables, is given by the fibration sequence between moduli spaces 3Jlo,n 

5.5. Multiple zeta values and P^\{0, l,oo}. In the case where (Jq = and 
(Ti = 1, D is the projective line minus three points. Since P^\{0, 1, oo} also coincides 
with SHo,4j it is natural to make a change of sign and define X ~ {xo,xi}, where 
xq ~ ao and xi = — ai. Let logz denote the branch of the logarithm which is real 
for z G R, z > 0. By proposition (|5.1|l . the equations 

(5.12) ^ = r-^ + T^)L{z) 

dz \ z 1 — zJ 

L{z) ^ exp(a::ologz) 

have a unique solution L{z) G C{{X)), known as the generating series of multiple 
polylogarithms in one variable. Its coefficients are written Liu]{z), for w G X*. We 
have ljixg{z) = logz and Lia;^ (z) = — log(l — z). Now consider a word w G xoX*xi 
which begins in xq and ends in xi. It can be written 

rir — l n,._i— 1 ni— 1 

U) — "^0 '^I'^Q 1 ■ ■ ■ '^O "^1 ; 

where rir > 2. Equation H5.^{|l therefore gives a power series expansion: 

(5.13) Li,„(a;) = Li„j^...,„^(l, . . . , l,z) = ^ 



0<ki<...<kr ^ 

which is regular at z = 1. The numbers Li,uj(l) satisfy the shuffle relations by H5.5|l . 

Definition 5.10. Let w G xqX*xi as above. The multiple zeta value of weight 
ni + . . . + rir and depth r is the real number defined by the convergent sum: 

C(w) = ((^^1, • ■ • ,"r) = Li„(l) = ^ ^ , nr>2. 

0<ki<...<k-r ^ 

The function C, extends by linearity to the Q- vector space spanned by xqX*xi. We 
define Z to be the Q-module generated by the set of all multiple zeta values: 

(5.14) Z = Q[C(w) : w G xqX*xi] . 

Because the multiple zeta values satisfy the shuffie relation C,{wmw') — C{w)C{w'), 
and because Q[w : w G xoX*xi] is stable under the shuffle product, Z C M is an 
algebra. It is naturally filtered by the weight [Wa]. 

It is not difficult to verify that every word w G X* is a linear combination of 
shuffles of Xq, Xi and words 77 G xoX*xi. The map w 1-^ C{w) extends to a unique 
function on Z{X) which satisfies 

Cm (a;o) = , Cm (xi) = , 

Cm {wmw') — Cm (w)Cm {w') , tor all w,w' G X* . 

Definition 5.11. The Drinfeld associator [Dr] is the non-commutative series 

z'''^ E Cui{w)wez{{x)) . 

weX' 

It follows that Drinfeld's associator is precisely the regularised value of L{z) at 1: 

(5.15) Reg(L(z),l) = Z^^^ . 
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6. The universal algebra of polylogarithms on 97lo,n 

In this section, we give an explicit construction of the algebra of all homotopy- 
invariant iterated integrals on 97lo,s in terms of multiple polylogarithms. By de- 
composing this algebra as a tensor product of hyperlogarithm algebras, we compute 
its monodromy in terms of multiple zeta values. 

6.1. The cohomology ring of OJIq.s- Recall that IDto.s was defined as the quotient 
of the configuration space of n = \S\ distinct points (zs)ses £ (P^)'^, modulo the 
action of PSL2. Let i,j,k,l G S. The cross-ratio [ij|fcZ] : (P^)f defines a 

function on (F-'^)f , and since = 1 — [?fc|jZ], we have: 

(6.1) d\og[ij\kl] Ad\og[ik\jl] = . 
We introduce the notation 

dz ' — dz " 

(6.2) A^j ^ d\og{z^ - Zj) ^ — for aU l<i<j<n. 

Zi Zj 

where Ay = A^i, and A^^ = 0, for all 1 < «, j < Equation H6.1|) gives a quadratic 
relation between the A^-, which can be simplified as follows. Since PSL2(C) acts 
transitively on the projective line P^(C), and since the cross-ratio is invariant under 
its action, we can place the point zi at infinity, and it follows that 

(6.3) 5mo,s(c) = crVs , 

where C"~^ denotes the set of distinct 1-tuples Z2, . . . , z„ G C, and S = kC is 
the subgroup of PSL2(C) which stabilizes 00. The projection map C"^^ 9Jlo,s(C) 
is a trivial fibration with fibres isomorphic to B, and it follows that 

(6.4) ff*(Cr') = H*{mo,s{'C)) ® H^{B) . 

We can therefore deduce the cohomology of 9Jlo.s(C) from the structure of iJ*(C"^^), 
which can be described as follows. We apply H6.1|l with I ^ \. Using the fact that 
zi = 00, we deduce that d\og[ii\kl] — A^fc — Aj^, and d\og[ik\jl] — A^j — A^j, 
viewed as 1-forms on C"^^. Then (|6.1() yields Arnold's relation: 

(6.5) A,y A Ajfe + Ajfc A A^ + Ak^ A Ay = , 
for any distinct indices 2 < i, j, k < n. 

Theorem 6.1. (Arnold [Ar]). iJ*(C"^^) is the quotient of the free exterior 
algebra generated by A^ for 2 < i, j < n, by the quadratic relations (|6'.5|) . 

Now let us fix a dihedral structure S on S. In §2 we defined 1-forms 

uJij = dlogUij , for {i,j} £ xs,s ■ 

Their cohomology classes [cuij] form a basis for iJ^(9Jlo.s(C)). Recall the definition 
of N f ii3.2|l as the kernel of the exterior product: 

N = ker (A : HHTIoAQ) <E> H^Mf^^siC)) H\mo,s{C))) . 

Proposition 6.2. N is spanned by the following elements: 

(6.6) ( J2 K-]) ® ( E [^'^■'0 ' 

{ij}eA {k,i}eB 

where A, B C xs.s o-re any two sets of chords which cross completely ( ^^.^ . The 
cohomology ring iJ*(07lo,s(C)) is isomorphic to the free exterior algebra generated 
by [uJij], for {«, j} € Xs,s, modulo the image of elements of the form ()6'.6|) . 
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Proof. First we regard each dihedral coordinate function on (P^)^. By the 

defining equations (|2.1Q|I . we have f — HasA "a — UbeB^b for all sets of chords 
A, B C xs.s which cross completely. This implies that d log Y[a Ua/\d log J^^ u;, = 0, 
which is precisely 

( E K-]) A ( E m) - . 

{ijjeA {k,l}£B 

Furthermore, every instance of ^<6.\\ occurs in this way, since each cross ratio [i 
can be written as a product Y\a "-"^ inverse, by lemma 12.21 We now place 
zi — oo d& above, and view the corresponding relations on C"^^. By Arnold's 
theorem, this implies that 1)6.6(1 generates the set of all relations on C"^^. In 
particular, (jH^l generates N, since by (^31), i/'^(S[Ho,s(C)) C H*{C^^-^) and so any 
relation satisfied by the ojij is also satisfied in i/*(C"^^). 

Now, since B = tx C is homotopy equivalent to a circle, H*{B) is the exterior 
algebra generated by a single cohomology class which we denote (3 S H^{B). It 
follows from that H*(S[Ho,s(C)) is the subalgebra of i7*(C""i) of degree in 
(3. We deduce from Arnold's theorem that i7*(9Jlo,s(C)) is the quotient of the free 
exterior algebra generated by a basis of i?^($Ho,s(C)), modulo N . □ 

Similar results have been obtained by Getzler [Ge]. 

Remark 6.3. The quadratic relations 1(6. 5|l are equivalent to the existence of the 
dilogarithm function, in the following sense. Let / = [ij |fcZ]. Then identity ((6.5(1 
is precisely the integrability of the element 

[dlog/|dlog(l-/)] eiy2s(OTo,s) . 

The iterated integral (' i)3.6(l corresponding to this element is the function Li2(/). 

6.2. The universal algebra of polylogarithms on 97lo,s- Recall that in sim- 
plicial coordinates 1(2.3(1 . the space 97lo,s is the open complement of an afhne hy- 
perplane arrangement. Its ring of regular functions is 

which is a differential algebra with respect to the partial differential operators d/dti. 
We defined the abstract algebra of homotopy-invariant iterated integrals on 9Jlo_s 
using the reduced bar construction in i)3.2l 

Definition 6.4. The universal algebra of polylogarithms on SOTq.S is the differential 
graded algebra B(9Jlo,s) = ^(©(OTo.s)) . 

Recall that B(9Jlo,s) is the unipotent closure of ©(OTq.s), and that its de Rham 
cohomology is trivial, i.e., i7gp(S(9}to,s)) = Q, and i7^R(B(97lo,s)) = for all 
i>l. The structure of i3(3Jlo,s) is particularly rich: it has a natural Hopf algebra 
structure over 0(9Jlo,s), and also carries an action of the symmetric group &{S) by 
functoriality. The graded pieces of the set of indecomposable elements in i3(9Jlo,s) 
of fixed weight yield very interesting finite-dimensional representations of &{S). 
Correspondingly, there is an action by the subgroup of dihedral symmetries D^n of 
the n-gon {S, 5). This action is evident from the symmetric description of 77^(9Jlo,s) 
and N in terms of the forms ojij, for {i, j} S Xs,6, given in proposition 16. 21 

Now if we pass to cubical coordinates, we can split B{dKa,s) as a tensor product of 
shuffle algebras, and subsequently decompose it into convergent and non-convergent 
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pieces. First, recall that we defined a base point at infinity H3.37|l . corresponding 
to the origin xi = . . . = xe = 0, which is locally a normal crossing divisor. The 
base point is given by the map 0(9Jto.s) ~* k{ei,...,ee} which maps Xi to e^, 
for 1 < i < £■ The projection map (xi, . . . , xi) i— > {xi, . . . , defines a linear 

fibration 9Ko.{si_...^s„} — > ^o^{s2,...,s„}: which forgets the point marked si. In the 
notations of W2.3\ it corresponds to the choice of sets Ti = {s„, si, S2, S3}, T2 = 
{s2, S3, ... , s„_i}, and Ti r]T2 — {s2, S3}. By iterating in this manner, we obtain 
a sequence of fibrations: 2Ho,{si,...,s„} — > ^Q,{si+i....,s„}^ obtained by forgetting 
the marked point s^, for i = 1, n, n — 1, . . . , 4. By applying theorem 13.381 to these 
fibrations, we deduce that there is a canonical isomorphism: 

n-3 

(6.7) i3(OTo,s) = (g)SOTo,.,(P'\S,) , 

1=1 

where Ei = {s2, S3 ... , Sn-i+i}- Each algebra B{¥^\T,i) is a universal algebra of 
hyperlogarithms, and is a free shuffle algebra on n — i — 1 generators by ^5.2[ 

Corollary 6.5. i3(9}to,s) is isomorphic, as a 0{dJlQ^s)-o-l9sbra, to the tensor prod- 
uct of the free shuffle algebras on 2,3, ... ,n — 2 generators. 

Using results of Radford, one can write down a basis of any free shuffle algebra in 
terms of Lyndon words (see [Rad]). The corollary implies that a basis of B{Tlci,s) 
is given by tensor products of Lyndon words. 

We can now decompose each component of (|6.7|l into convergent and non-convergent 
parts. We can define the subalgebra B^^j^ ^ (P^\Si) C -Botq^s; (P^V^i) of convergent 
words in a similar manner to (|5.9|l . We can then define 

n-3 

Bo{mo,s) = O{mo,s) ® (g) Soto,,, (]p'\s,) . 

i=l 

Then B{DJlo^s) decomposes as a commutative tensor product 

B{mo^s) = Boimo^s)®(iQ[[d\ogxi],...,[d\ogXi]] . 

The algebra on the right is the free commutative (polynomial) algebra on generators 
[w2i+3] = [dlogx^] for i^ 

Lemma 6.6. The subalgebra BqI^Mq.s) C i?(S[)To,s) is generated as a vector space by 
the set of integrable words, no element of which ends in a symbol 0J2k, for A < k < n. 

Proof. Let A denote the C'(9}to,s)-subalgebra of -B(OTo,s) generated by the set of 
all integrable words 

J2ciHlJl\---\^^rjr] > Cl eQ, 

I 

where {ir,jr} ^ {{2, 4}, . . . , {2, n}}. It is clear that A C iJoC^^o.s) is a differential 
subalgebra. Furthermore, one easily checks that every element a € n^{9yto,s)<E>Oma s 
A of weight at least 1 has a primitive in A. This follows from the proof of theorem 
l3.2fil or the argument given in the appendix, since taking primitives involves adding 
symbols to the left of each word. Using the techniques of §3, proposition 13.121 it 
follows immediately that the map A Bo{DJlo,s) is surjective. □ 
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Likewise, for every vertex v & , the set of vertex coordinates at v defines 
a base point at infinity, and (by considering the action of the differential Galois 
group of U{ei, . . . , ee} over A:{ei, . . . , e^}, for example), one defines a subalgebra of 
convergent words By^s{^o,s) such that 

B{mo,s) = B^^s{Tlo,s) <S>Q QK jj (»Q . . . ®Q QKjJ , 

where {h, ji}, ■ • ■ , {iiije} G Fv are the chords occurring in the triangulation cor- 
responding to V. As above, By^s{Tlo^s) corresponds to the set of all integrable 
words which do not terminate in any symbol oJi^j^. The case i?o(9^o,s) corre- 
sponds to the vertex whose triangulation is {{2,4}, . . . , {2,n}}. This is just the 
point xi ~ . . . — X I = Q in cubical coordinates. 

6.3. The dihedral connection on 97lo,s. There is a canonical differential equa- 
tion on OJlo.S whose solutions can be expressed in terms of multiple polylogarithms. 
Let denote the free non-commutative Hopf algebra generated by the symbols 

5ij = 5ji, for {i,j} S xs.Si where 5ij is primitive (see H3.1|l . It is convenient to set 
5ii = 5ii-\-i — for all indices i G Z/nZ. Consider the following formal 1-form on 



(6.8) ^s.s= E — 



dui 

{'ij'}exs,i 



The form r^s.i is integrable if and only if d^ls^s = ^s.s /\^s,s ■ Since ^s,s is closed, 
this reduces to 0.s,s A ^s,s = 0. We define the dihedral infinitesimal braid relations 
to be the identities: 

(6.9) [Si^i J + Stj^i - 5i-i j-i - Stj,Sk-ii + Ski-i - 4-1 i-i - Ski] = , 
for all j, j, k,l E S. 

For each 1 < i,j < n, consider a set of formal symbols tij, where ta — and 
tij = tji. The Knizhnik-Zamolodchikov (KZ) form on (P],)" is the 1-form: 

(6.10) ^Kz^ = ' 

l<'i<j<n 

where A^j — A^-^ is given by H6.2|l . Let us assume that 

n 

(6.11) ^tki^Q for aU 1 < / < n . 

k=l 

This variant of the KZ-equation has been considered by Ihara, amongst others. It 
corresponds to the usual KZ-equation on C"~^ , except that it has an extra set 
of symbols at infinity, and one extra relation which kills the center of the braid 
algebra. One can prove that ^kz^ is integrable if and only if the following single 
relation holds: 

(6.12) [tijTtki] — for all i,j,k,l distinct . 

One verifies by computing [iy , X^ILi ^fe'l = 0) that this is equivalent to the usual 
infinitesimal braid relations: 

(6.13) [t,j,tki] = 0, 

[tij,tik + tjk] — , 
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which hold for all distmct indices 2 < i,j,k,l < n. Now, by (|2.6(l . we have cjy = 
dlogUtj = Aij+i + Aj+i J - Aj+i j+i - Aij, for {i, j} e xs,5- If we write 

then this is equivalent to the identities 

(6.14) Uj = Si j-i + (5i_i J - (5j_i j-i - % , 

for all 1 < j,j < fi, as is easily verified. Since da — Sii+i = for I < i < n, then 
(I6.14|l implies that 

(6.15) Uj = if j = i + 1 , 

(6.16) Uj = J - Si-i j-i ~ 6ij if j = i + 2 . 

The following lemma implies that the set of equations H6.14|l are invertible over Z. 
Lemma 6.7. For all 1 < i < j < n, 

(6.17) d,, = ^ U . 

i<a<b<~j 

Proof. By equation (|6.15|) . Si^n+i — ta+i for 1 < z < n. Substituting into (|6.16|) 
gives ^i_ii+2 = tii+2 + ^ii+1 + ii+ii+2- Let m > 4, and suppose by induction that 
()6.17|l holds for all < j - i < m - 1. Then for j - i = m - 1, I|fi.l4|l gives 

5i-ij = tij + 6ij + Si-i j-i — Sij^i , 

i<a<b<j i-l<a<b<j-l i<a<b<j~l 

— ^ij + ^ ^afc + ^ ^ib — ^ ^ab ■ 

i<a<b<j i<b<j-l i-l<a<b<j 

This proves (|6.17() when j — i = m. The result follows by induction. □ 

Now if we substitute the expressions ()6.14(l for and tki in terms of 6ab hi 
equation H6.12(l . then we obtain H6.9(l . This proves the following result. 

Proposition 6.8. The form fls.s is integrable if and only if the dihedral braid 
relations ()6'.,9|l hold. 

Lemma 6.9. The dihedral braid relations imply that 

(6.18) [<5,y,4i] =0 , 

for all chords {i,j}, {k,l} G Xs.s which do not cross. 

Proof. Without loss of generality, we can assume that l<i<j<k<l<n. 
Then, by identity l|HT^ . 

[Sij,Skl] [ ^ tab, ^ ted] = , 
i<a<b<j k<c<d<l 

since all sets of four indices {a, b, c, d} occurring in the summation are distinct. □ 

Example 6.10. In the case S = {1,2,3,4,5}, relation with i = 2, j = 4, 

k = 3, I = 5 impHes that [^14 — S13 — S24, S25 — S35 — (524, ]= 0. By (|6.18() this gives 
the following five-term relation: 

(6.19) [Si3, S24] + [624, S35] + [S35, S41] + [641,652] + [652, 613] = . 
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This is dual to the functional equation of the dilogarithm. A similar relation in fact 
holds for any five consecutive indices on QJtcs- 

Definition 6.11. Let R denote a commutative unitary ring, and let / denote the 
ideal in R{5ij : S XS,5) generated by the dihedral relations (|6.9|l above. The 

dihedral braid algebra over R is the free non-commutative i?-algebra 

(6.20) "BsAR) = R{ 5^J ■■ {i, ]} e xs.s)/I . 

This is a co-commutative graded Hopf algebra over R where degJy = 

1. The product is the concatenation product, and the coproduct F is the unique 
coproduct with respect to which the generators 8ij are primitive (/ is a Hopf ideal 
because it is generated by commutators of primitive elements) . It is the universal 
enveloping algebra of the free Lie algebra generated by the symbols 5ij, subject to 
relation (|6.9|l . As in §3.1, its completion is the i?-Hopf algebra 

(6.21) ^sAR) = ■■ {hj} 6 XSJ ,))// 

where / is the closed ideal generated by /. It follows from the previous calculations 
that ^s,s{R) is just the free non-commutative i?-algcbra generated by the symbols 
tij, for 1 < i,j < n, which satisfy H6.11|l . modulo the relations (|6.12|l . This is 
isomorphic to the ordinary infinitesimal braid algebra modulo its center. The dif- 
ference here is that we have fixed a set of generators for this algebra which depend 
on the dihedral structure S. 

Let DJlo^s be a universal covering space for 9Jlo,s, and let p : TIq^s ^o,s 
denote the projection map. A multi-valued function on OJlcs is defined to be a 
holomorphic function on 2Ho,s. Since the integrability conditions are satisfied in 
®S,(s(C) we can consider the following formal differential equation on TIq^s- 

(6.22) dL^VLs.sL. 

A solution L takes values in '^s,s{C)- Its coefficients are multi- valued functions on 
SWo.s- We can fix a solution to H6.22|l by specifying its value at a point of OJIq.Sj 
or its limiting value at an intersection of boundary divisors. It suffices to define 
solutions at intersections of divisors of maximal codimension. Therefore, we define 

to be the set of all triangulations of the n-gon. By 'i'Z.bX each such triangulation 
determines a unique vertex of the associahedron Xs^s- For each vertex v G ^ let 
Fy = {{i,j} S XS,s ■ Uij{v) = 0} denote the set of faces of the associahedron Xs,s 
which meet at v. Let log(My), for {i, j} G Xs,s, denote the principal branch of the 
logarithm on Uij > (see t l4.2|l . 

Tiieorem 6.12. Let v E . There exists a unique solution Ly^s to l\6. 2'^^ such 
that in a neighbourhood of v, 

Lv,s{u.) = fv,s{u) <5^P('^y"l°g("y")) ' 

where fv,s{lL) £ ^5.5 (C) extends to a holomorphic function in the neighbourhood of 
V £ 9JIq g, and takes the value 1 at v. The function fv.s{u) extends holomorphically 
to an open neighbourhood of the interior of every face F meeting v. 
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Remark 6.13. The product Y[{i j}£F^ ^^Pi^v^'^si'^ii)) well-defined, because by 
(j6.18|l . the symbols Sij and Ski commute whenever and {fc,Z} do not cross, 

and no two chords {«, j}, {fc, 1} G Fy can cross because Fy is a triangulation of the 
n-gon (5, S) . 

Proof. Let ^^"(C) C ^s,s{'C) denote the kernel of the counit e : *Bs,5(C) C. 
For each integer > 1, define 

If we write dij for the map which acts by left multiplication by the symbol S^j, for 
each {i,j} S xs,s^ then each Sij is a nilpotent operator on the space W^. 

In ^4. II we showed that Xs.s is a manifold with corners by constructing a specific 
atlas {Ue{e)}. We will show that il.s,s defines a unipotent equation of Fuchs' type 
on each chart f definition 14. 7|l . and apply the results of Therefore, let a & Xs s 
denote a partial decomposition of the n-gon, where I < k < £. To a corresponds 
the face Fa of Xs.s- Choose any complete triangulation a' & Xs s which contains 
a. By proposition (|2.18|) . the vertex coordinates 

{xf :l<z<n = {wu : {*,J}G«'} 

form a system of normal coordinates in a neighbourhood of Fa. We can therefore 
write 

^s,s ^ ^ Sij — — + Aijduij , 

where Aij are holomorphic functions in a neighbourhood of Fa . Since the operators 
Sij are nilpotent on Wn, and since the open neighbourhoods of every face Fa 
(including = Xs^s) cover Xsj, it follows that l|6.22|l is unipotent of Fuchs' type, 
as required. 

By theorem l4.6l we can find a local solution L^f^g to (|6.22l) with values in Wn (C) , 
which satisfies the asymptotic condition stated above. By corollarv l4.8l this solution 
extends globally over the whole Stasheff polytope Xs.s. The theorem follows on 
taking the limit as N tends to infinity, since %sj{C) = lim<Bs,5(C)/(«B^° (C))^. 

□ 

Any such solution Ly^s to Ht).22|l extends by analytic continuation to give a multi- 
valued function on the whole of TIq^s- By construction, the theorem defines a 
unique real- valued branch on the interior of the associahedron Xs^s- It is convenient 
to write the asymptotic boundary condition 

{^,i}6F^. 

Remark 6.14. The formal equation H6.22() is a homogeneous version of the Knizhnik- 
Zamolodchikov equation on C"~^. Drinfeld studied solutions to the KZ equation on 
, with prescribed asymptotics in certain zones [Dr] , which were subsequently 
generalised by Kapranov [Ka]. Such a zone is determined by a permutation on 
n — 1 letters, plus a bracketing on the set with n — 1 letters. Combinatorially, a 
permutation on n — 1 letters corresponds to a cyclic structure on n letters, and 
a bracketing corresponds to a triangulation of an n-gon, i.e., a vertex in the as- 
sociahedron of dimension n — 3 (fig. 11). Kapranov interpreted each zone as the 
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Figure 14. A local picture of S[)To.5(K) and a cell Xr,^^. The 
dashed region depicts the set of real points of a domain of holo- 
morphy for the regularised function fy^s given in theorem 16. 121 



region near a corner at infinity in a certain two-fold cover S of the compactified 
real moduli space: 

In the previous theorem, we have constructed a canonical solution L^^^g near each 
corner on 9Jlo,s(R)- Therefore, each solution Ly^g corresponds to exactly two 
Drinfeld-Kapranov zones. One way to see this is that the manifold S is obtained 
by gluing together a set of associahedra which are parametrized by the set of all 
cyclic, rather than dihedral structures. The number of cyclic structures on 5, where 
\S\ = n is exactly (n — 1)!. As an example, let us consider the simplest case 9Jlo,4. 
Then equation 16.22|l reads: 

(6.23) ^ = (^ + Jh1^)l, 

ax \ X X — 1/ 

Consider the solution Lq+{x) which satisfies Lf^+{x) ^ exp((5i3 logx) as a; ^ 0^. 
Remembering that x = U13 = [12|43], and after placing the point 2:4 at 00, we obtain 
x = {z2 — Z3)/{zi — Z3). If < a; < 1, then either zi < Z2 < Z3 or Z3 < Z2 < z\. 
These are the two cyclic structures on {21,22,23,00} which map to the dihedral 
structure b corresponding to the cell [0, 1] = Xs,5- The zone < a; ^ 1 therefore 
corresponds to the pair of zones zi{z2Z3) and (2322)21 in Kapranov's notations. 

6.4. Functoriality with respect to projection maps. It is well-known that 
solutions to the KZ-equation decompose as products of hyperlogarithm equations 
by considering fibration maps between configuration spaces. One obtains a more 
general decomposition result for the homogeneous equation (|6.22() , by using the pro- 
jection maps considered in i\2.'6\ First, we fix a dihedral structure S on S and choose 
a chord {i, j} £ Xs.s- Recall from ^'2.'6\ that if we set Ti — {sj+i, . . . , s^, Si+i}, and 
T2 = {si, Si+i, . . . , Sj}, and denote the induced dihedral structures by Si, 62, then 
Ti n r2 = {si, Si+i}, and there is a projection map: 

/t, X /t, : Mis ario^T, X 9«o>. • 
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By lemma this map has a section whose image is the divisor Dij — {uij — 0}: 

z : DJtl]^^ X on^^^^ ^ D,, c mis ■ 

In order to fix solutions of (|6.22|l . let v £ he a vertex of the polytope Xs,s such 
that V g Dij, i.e., Uij{v) — 0. By projecting down, we obtain vertices in XT^^Sk- 

Vk = fn (v) e XTk,Sk for fc = 1, 2 . 

If V is given by a triangulation a £ Xs s n-gon S, then vi, V2 are given by 

the restrictions ai,Q!2 of this triangulation to Ti and T2 respectively (compare fig. 
4). As sets of chords, we have a = ai U a2 U {i,j}- We need an extra technical 
condition that the only chord in a emanating from the vertex (j) is the chord 
(the dihedral coordinate corresponding to such a chord would not be preserved 
since Jti and contract one of the edges j or j + 1). Let 

denote the map which sends x to i{x,V2) £ Dij. Define a map similarly, and 
set 

(6.24) Trk=iT,ofT, forfc = l,2. 
Then TTfc is a projection map 

TTfc : Tlo s DakU{i,j} for fc = 1, 2 , 

because fx^ ° ^t^ is the identity. We can write these maps explicitly in vertex 
coordinates x", . . . ,a;", which form a local system of coordinates on 3JIq ^(C) (see 
il2.4|l . We can choose an ordering on a such that D^^ = {a^i = . . . = a^m-i = 0}; 
= a;^, and Z?c(j = {x^^^ = ■ • ■ = a;" = 0} for some m. In that case, we have 

/ti X : (x5*,...,a;^) — > ((x^*, . . . , a;^_i), (x^^^, . . . , x?)) , 

and 

TTi : (x?,...,x?) ^ (x?,...,x^_i,0,...,0) 
7r2:(x?,...,x?) ^ (0,...,0,x^+i,...,x?) . 

We shall write d/duij to denote partial differentiation with respect to the vertex 
coordinate x^ = in a neighbourhood of u G 9JIq ^(C). 

Let denote the unique solution to (|6.22|) on 3Jlo,s given by theorem 16.121 
We define 

Lk — L o , for fc = 1, 2 . 
Then the functions Lk : 3Tlo,s — * ^S5_5(C) satisfy the differential equation 

(6.25) dLk = nkLk, forfc = l,2, 
where flk is given by: 

f^fc = (7rfc)*ils,<5 = (^Qb^^ , forfeit, 2. 

— Uab 

By construction, the solutions satisfy the asymptotic condition 

(6.26) Lk = fk{ J2 ^ab^oguab) , for fc- 1,2, 

{a,b}eak 

where fk is holomorphic in a neighbourhood of Vk on , where it takes the value 
1. It is clear that flk and Lk only involve the symbols Sab where {a,b} G XTk,Sk- 
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Since no chord in xTi,5i crosses any chord in XT2.521 it foUows from H6.18|l that 
Li and L2 commute. Likewise, we have [Li,r22] = [i2,f^i] = [f^i,f^2] = 0. The 
three series L^^s, Li, L2 are ah formal power series in _Bs,5(C) whose coefficients are 
multi-valued functions on 9Jlo,S- They are related as follows. 

Proposition 6.15. Let {i,j} G XS,S be any chord, and let v G such that 
Uij(v) = 0. With the notations above, there is a decomposition 

(6.27) K^s = h L1L2 , 

where h is the unique solution in Bs,s{C) to the hyperlogarithm quotient equation 

(6.28) = ( E ^^^'-^ 

which satisfies the boundary condition 

(6.29) h = gexp{6ij\ogUij) , 

where g is a holomorphic function of Uij in a neighbourhood of Q, and g\uij=o is the 
constant function 1. 

Proof. Define a formal power series h € Bs^siC) by the equation h = L^, .5 -^T^- 
If we differentiate this equation, we deduce that 

^s,sLv,5 ^ dh Li L2 + h fli L1L2 + h Q2 L1L2 , 

where we have used the fact that [[12, Li] = 0. It follows that 

(6.30) dh = ns,s h-h {ni + ^2) ■ 

By definition, the functions Lk do not depend on the variable Uij, i.e., dLk/duij = 
0, for fc = 1, 2. Therefore dh/duij = dLyg/duij , and H6.22|l implies that 



dh _ ( ^ ^ duki_\ ^ 



By definition of the solution L^^g and equations H6.26|l . we have 

/l = /„^5exp( (5afcl0gUah) exp(- SablogUab) f2^ e^p (- y2 Sab'^OgUabjfi 



where fy^s is holomorphic in a neighbourhood of v, and ai,a2,ct are the triangula- 
tions of Ti, T2, S" corresponding to vi,V2,v respectively. Since Li and L2 commute, 

h = fv,s exp(% loguy ) /j"^ /f ^ fy^s f2^ fi^ exp(% logWy ) . 

Let g — fy^s f2^ fi^ = fv,s fi^ f2^i which is holomorphic in the neighbourhood of 
V. In order to complete the proof, it suffices to show that the function g\uij=o is the 
constant function 1. This, along with the differential equation for h, will determine 
h uniquely. Let G denote the restriction of g to the divisor Dij = {uij = 0}. 
We already know by construction that G{v) = 1. Since g is holomorphic in the 
neighbourhood of Uij = 0, G satisfies a differential equation which is obtained by 
projecting H6.30|l onto Uij = 0, which amounts to pulling back flg^g by (tti x 772)*. 
By definition, 

rts s = r^i + 1^2 . 
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Equation H6.30|l therefore restricts to give the following differential equation for G: 
(6.31) dG= [r!i+r!2,G] , 

where G{v) = 1. This equation only has constant solutions. To see this, consider the 
conjug ate H = {LiL2y^G L1L2. Substituting into l|HlTT|l gives dH — 0. Therefore 
H is the constant function 1, and so the same is true of G, which completes the 
proof. □ 

One can verify from the definitions that the map induces a map 

(/tJ, : »s.5(C) ^ *Bt„5.(C) , for fc = 1,2 , 

which sends 6ab to zero for all chords {a, 6} which are not in XTfc,(5fc, and is the 
identity on 5ab for all chords {a, 6} G XTk,Sk- This also follows immediately from 
the fact that fifc — {TTk)*^s.s is integrable. We can then consider 

{fn)*Lk : mo,n ^nj, (C) for fc = 1, 2 . 

By (|6.26(l and the uniqueness part of theorem 16. 121 we conclude that 

Lv,,s, = {fn)*Lk for fc = 1,2 . 

In conclusion, a solution Ly^s to H6.22|l on 2Jlo,s is equivalent to a pair of solutions 
Lvk.Sk "^'^ ^o.Tfc for fc = 1, 2 plus a solution to the hyperlogarithm quotient equation 
(j6.28|l . Note that many of the terms in the differential equation l|6.28|l vanish. 

Example 6.16. Consider the case 07lo,6) and let = {2,5} (see fig. 3). Then 

Ti = {2,3,4,5} and T2 — {6,1,2,3}. We shall work in cubical coordinates, and 
write {x\,X2,X'i) = {x,y,z). Then U2a = x, U25 = y, and U2q — z. The map 
97Jo,6 D25 = 5Ho,Ti X 2to,T2 is given by projecting onto the divisor y — 0. 
Therefore Li(x, y, z) — L{x, 0, 0), and L2{x, y, z) — L(0, 0, z) and we have: 

IT i ^ dx dx \ 

dLi = 624 h<)35 t]Li, 

\ X X — 1/ 

f dz ^ dz 
dL2 = (526 hdis- 



z z ~ 1, 

Thus Li,L2 are generating series of multiple polylogarithms in one variable (but 
note that there is a difference in sign in [Brl]). On the other hand, h is the unique 
solution to 

(R dh f 625 ^56 ^46 ^15 ^14 

l>0-ozj — — I I - H — j- H — j- H -. , , 

oy \ y 2/~l y ~ X ^ y ^ z ^ y ~ [xz] ^ - 

h ~ exp((525logy) as y ^ , 

where, according to H6.14|l . t^Q = S^ q, tiz = Su - (5i5 - (^46, ^46 = - ^46 - (^as, 
and ti4 = (5i3 + (546 ~ (5i4 — (536- By (|6.13(l . there are commutation relations 

[ii4, ^56] = 0, and [ti5, ^46] = . 

Therefore H6.32|l is a hyperlogarithm quotient equation on the punctured affine line 
P^\{0, 1, cxD, x"^, z~^ , (xz)"^}. Compare remark 1!^. Ill 

By applying the proposition repeatedly, we obtain an explicit decomposition 
of the generating series L^^s as products of hyperlogarithms. Let us apply the 
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proposition in the case where ~ {2,n}. In cubical coordinates, U2n = xi, and 

one can check that h is the unique function satisfying 



(6.33) — ( + 7+V 7 w > 

oxi \ xe xe - I ^ xi - [Xi . . . xg^i) ^ J 

h '~ exp((52n loga;^) as xg ^ . 

where, as usual, Su — Si^u = by convention. The function logo; is the unique 
branch satisfying logl = 0. This defines a multi- valued function on P"'^\S where 
S = {do, • • ■ ,0-f}, with 

0-0 = 0, 0-1 = 1, 02 = , . . . , 0£_i = (xi . . . a;£_i)~^ . 

The series hexp(~S2n loga;^) is holomorphic in the neighbourhood of = 0. In this 
case, the projection map /t^ x is a fibration. It follows that ft, is a hyperlogarithm 
equation {i.e., there are no relations between the coefficients in (|6.33|l '). Notice also 
that the coefficient (5^+3 „ + Si+21 - Si+2n - Si+31 is just ii ^+s. 

By substituting the above values of Oi into the formula H5.3|l . we deduce that the 
coefficients of the formal power series h are the multiple polylogarithms f ii5.4|l : 

(6.34) Li„ „^ ,Xj^...xe] , 

VXjj . . . X£ Xj^ . . . Xi / 

where 1 < Ji, . • . , jr £ ^ are any indices. By applying the proposition inductively, 
we obtain an explicit decomposition of Ly^s in terms of hyperlogarithm generating 
series h. 

Corollary 6.17. L^ g is a product of hyperlogarithm generating series. Its coeffi- 
cients are sums of products of multiple polylogarithms of the form ]6.cl4l with the 
functions log Xi, . . . , log X£ . 

6.5. Regularised zeta series and monodromy. The monodromy of the KZ 
equation was first computed by Drinfeld [Dr]. We shall follow the argument given 
in [H-P-V] for 2710.4 = P^\{0, 1, 00} (see also [GL]). Consider two vertices u,v e . 
By theorem 16. 121 each vertex defines a generating series of multi- valued functions 
Lu,5, Ly^s on 9Jlo,s- The ratio of any two solutions to H6.22|l is a constant series. 

Definition 6.18. The regularised zeta series corresponding to w, u G is 
for any x € Xs^s, x = {uij), where < < 1. 

Since Ly,s is real- valued on Xs.s, G 585.5 (M) has real coefficients. Clearly 

(6.35) zu,v^v,w ^ ^u^w 

for all u,v,w € V\ and in particular, Z"-'" Z"-'" = 1. The zeta series describe the 
limiting behaviour of a solution of (|6.22f) near the boundary of Xs,s. 

Lemma 6.19. For all u,v e , 

Z"'" = lim TT exp(-(5i, log'u,„)L„.5(a;) , 

where x — (u-ij) G Xs^s- 
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Proof. Let X = (uij) and let x u along a path in Xs.s- By theorem l6.12l 

(6.36) L,,s{x) = K,s{^)Z^'- = U^s[ n ^^P^'^^J- log^^j)) ^"'^ ' 
which imphes that 

= ]™ ( n ^^P(-'^y" logM^i)) /,J i^,5(a;) . 

But f~l is a non-commutative series which is holomorphic in a neighbourhood of u 
where it takes the value 1. We can write f~l — l+g{x), where g is holomorphic and 
vanishes at a; = u. Since 2; log" 2 ^ as 2; — > for all n G N, and since Ly^s{x) has 
at most logarithmic singularities at a; = u, we deduce that only the constant term 
1 in gives a non-zero contribution in the limit, which proves the result. □ 

Theorem 6.20. The coefficients of the series Z"'"" are multiple zeta values: 

e Z{{5,, : e xs^))/I for all u,v e V' , 

where I denotes the closed ideal generated by the dihedral braid relations ]6.y\i . 

Proof. By the relations H6.35() . it sufhces to compute the coefficients of Z"'^, where 
w, u are adjacent corners of Xs,s- In other words, u,v are given by triangulations 
a, (3 £ Xs 6 which differ by one chord only. Let us write {a, a'} = a\a n /3 and 
{&, b'} = P\a n p. Since Dant3 is of dimension f , there is an isomorphism 

iuv ■ 9^0, T ^ Dapifj C 9Ko_5 , 

where |T| = 4, which maps the cell Xt,s' onto the f-dimensional face of ^5^5 which 
connects u and v. Consider the solution Lu,s to H6.22|l given by theorem 16. 121 We 
can identify OJIq.t with P^\{0,l,oo} and Xt,S' with the interval (0,1) in such a 
way that iuviO) = u and iuv{i) = v. The pull-back F = {iuv)*Lu,s then satisfies 
the differential equation: 

(6.37) '-f = + 

ax \ X X — 1/ 

F ^ exp((5„ logx) as X , 

on P^\{0, 1,00}. This follows from proposition 16. 151 Here, SutSv are the dihedral 
symbols corresponding to the chords {a, a'}, and {6,6'}. We have 

(6.38) Z"^^' = Reg(L„,5, v) = Reg(i^, 1) = Z^^'^S^, Sv) ■ 

It follows from the calculations in *J5^that the coefficients of Z"'" lie in Z. □ 



As an example, consider the case 97to,5. Then X^^s is a pentagon with vertices 
vi,V2,..,vz in order. It follows from that Z''i'i'2^"2«3^i'3i'4^«4«6^i'5i'i = 1^ 

Applying H6.38|l , we deduce the pentagonal relation due to Drinfeld [Dr] : 

^°''(<525,'5l4)^"''(524,^13)^"^'(^14,<535)^°''(<5l3,'^25)^°''('535,<524) - 1 G ^5.5(2) • 

Remark 6.21. One can prove the previous theorem directly using corollarv l6.17l In 
cubical coordinates, the coefficients of L^^g are sums of products of logarithms with 

the multiple polylogarithms Li„^, (^^^77^, ■ • ■ , -7^73^1 2;^^ ■■■Xi^. By taking 
suitable limits in such coordinate systems, one can see directly that the coefficients 
of each regularised zeta series are multiple zeta values. 
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We can compute the monodromy of a solution Ly^s{x) to (|6.22|l explicitly in 
terms of the zeta series defined above. First, let us define 

(6.39) 4(2«o,s) = vri (9710,5, Xs,s) 

to be the fundamental group of 9Jlo.s relative to the set Xs,s, which can be taken 
as a base point because it is contractible. For each {i,j} £ XS,5, let 

denote a small path which winds once around the face = {uij = 0} in the 
positive direction, i.e., such that 



= +27ri . 



For each {i,j} £ Xs.s, let A4ij denote the monodromy operator given by analytic 
continuation of functions along a loop which is homotopy equivalent to 7^ . The 
operators Mij commute with multiplication and differentiation. It follows that the 
A4ij, for {i,j} € Xs.s, act on L^^s(x) by right multiplication by constant series. 

Proposition 6.22. Let G XS,S, o-nd let v £ denote any vertex of Xs,s- 

Choose any vertex w G which lies on the face D^j, i.e., u.ij(w) = 0. Then for 
all X £ Xs^s, 

Proof. By theorem 16. 121 

Lw,5{x) ^ fw{x) Yl exp((5/ci logwfci) , 

where fw{x) is holomorphic in a neighbourhood of w G 97tg5.(C) which contains 
the interior of the face . By analytic continuation along a small loop 7^- which 
is contained in this neighbourhood and winds once around Dij , we deduce that 

MijLyjA^) = iu,,5(a;) exp(2z7r%) . 

It follows from the definition of the zeta series that Ly^s{x) = L^j^^six) Z™'" for all 
X G Xs,s- Since the quotient {Ly^s{x))~^ L^^^six) Z'^''" is the constant function 1, 
which is single-valued, the same equation must also hold for all x in the universal 
covering space of 9Jlo,s(C). Therefore, 

LyA^) = M^, L.^Ax) Z^'- = Ly,Ax) e^"'^^ Z^'^ = Z^'^ e^,.^,, 

□ 

The previous lemma holds for any pair of vertices w,w' G which meet Dij. 
We immediately deduce that the following identity holds in Ss,5(C): 

(6 40) ^v,w ^iirSij ^la.v ^v.w' ^2i7T5ij ^w' .v 

This identity in fact follows from the commutation relation Ht).18|) . It follows from 
the previous theorem that the monodromy of SJto.s can be completely expressed in 
terms of multiple zeta values, and the constant 27ri. 

Corollary 6.23. The monodromy ring ofDJlo^s is Z[2TTi]. 
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6.6. Regularisation of polylogarithms on 97lo,s. 

Definition 6.24. For any v e , let L'"-^{mo,s) denote the C'(aJto,s)-module 
generated by the coefficients of the solution L^^s to H6.22|l given by theorem 16.121 
Now let us define 

(6.41) Li(9no,s) -i"''(9Jto.s)®Q^ . 

It does not depend, up to isomorphism, on the choice of the vertex v by lemma 
EHand theorem We write 0'^L"^*(ajlo,s) = L'^'^^o.s) «)0(OTo,s) ^H^o,s) 
and n''L%{Tlo,s) = ^'^ L'^'^Mo^s) Z, for fc > 0. 

Since Z is filtered by the weight, we deduce a natural weight filtration on 
i|;(37lo,s) which we denote by W'. It follows immediately that any dihedral sym- 
metry a G of the n-gon (5*, S) induces an isomorphism of filtered algebras 

(6.42) a, : iKOHo.s) ^ L%{mo^s) ■ 

Each algebra L^'^iTlo^s) is in fact a graded Hopf algebra (' ii6.7|l . although we lose 
the grading when we pass to L^C^o.s), because it is not yet known whether Z 
is graded by the weight. The following theorem shows that the function theory of 
multiple polylogarithms is dictated by the geometry of the Stasheff polytopes Xs,s- 

Theorem 6.25. Let {i,j} £ Xs.s- For any function f G L 2(^0,8), l'StReg{f, Dij) 
denote the regularised restriction of f to the divisor Dij, which maps not only 
logarithmic, but also polar singularities to zero. As in lemma \^l\ let T1UT2 = S 
denote the partition corresponding to the chord e — {i,j}, such that 

Dij = 9Jlo,TiUe ^ ^O.TaUe ■ 

Then there is an isomorphism of filtered algebras: 

Reg (L|(9Jlo,5), Aj) - i|(^o,Tj ®2 L'^mo^T.) ■ 

Proof. Let us choose any vertex v ^ such that Uij{v) = 0. The algebra 
L"'''(9J{o,s) ®(i Z is generated by the coefficients of the generating series Ly^s{x) 
over Z. By proposition 16.151 there is a decomposition 

Lv,5 — h L1L2 , 

where Li, L2 can be viewed as solutions of H6.22|l on 9Jlo,Ti and 2)To,t2 respectively, 
and do not depend on Uij. Since the series h exp(— logUy ) is holomorphic in 
Uij and is the constant function 1 along Dij = {uij = 0}, we have Reg(/i,£'y ) = 1. 
Therefore 

Reg(L„^5, Aj) = L1L2 . 
Likewise, for any coefficient / of Ly^s, and any fc e Z, 

Reg(^,A,) eL''''''{Tlo.T,)<^QL^'^'HMo,T,) , 

where vi, V2 are the images of v defined in §6.5, and Si, 62 are the induced dihedral 
structures on Ti,T2. This proves that there is an isomorphism of filtered alge- 
bras Reg(L'''''(aJto,s), Aj) = L^i'-^iCaJlcTi) ®Qi""''^"(aKo,T2). On taking the tensor 
product with Z, we obtain the statement of the theorem. □ 
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The theorem states that if we restrict a multiple polylogarithm of weight m to the 
divisor Uij — 0, then we obtain a linear combination of products of multiple zeta 
values and multiple polylogarithms such that the total weight is at most m. 

6.7. The regularised realisation of polylogarithms. Let S = {si, . . . , s„} with 
the obvious dihedral structure 5, and let v eV'^ . We can now define a realisation 
of i3(2Jlo,s) which is regularised at v. Let us first suppose that v corresponds to 
the vertex Xi = X2 = ■ ■ ■ = xi — Q in cubical coordinates, in order to exploit 
the decomposition of i3(9Jlo,s) as a product of shuffle algebras. The corresponding 
triangulation of the n-gon {S,5) consists of all chords {{2, 4}, . . . , {2, n}}. The 
projection map onto x^ = Q gives a fibration 

3^0,{si,...,s„} * 9^0,{s2,...,s„} ■ 

Correspondingly, we proved that there is a decomposition 

where S' — {s2, . . . , s„}, and S is given in ti5.4l Now let v' denote the vertex cor- 
responding to the restricted triangulation a' of S' with induced dihedral structure 
5'. By proposition Iti.lijl there is a decomposition L^^s = hLy/^gi, where h is a 
hyperlogarithm equation on P^\E in the variable xi. We deduce that 

where L<xiig g, (P^\S) denotes the ©(OTo.sO'algebra generated by the coefficients of 
h. From the realisation l|5.8|l we obtain a realisation: 

(6.43) PS' : B^^^ ^, (pi\S) ^ L^^^ ^^, (P^E) , 

which is regularised at X( = 0. It is an isomorphism of graded 0{DJlQ,s')[d/dxi]- 
algebras. If we iterate this argument, we obtain two analogous decompositions 

(6.44) B{mo,s) = (g) i?srn„,s.(P'\S,) , 

i<i<i 

L"''mo,s) = (g) iOTo,„(p^so . 

i<i<e 

for some subsets -Si C 5*2 C . . . C S'^ C S" where l^il =3, and "Ei = Si. Taking the 
tensor product of the fibre- wise isomorphisms (|6.43(l , we obtain a map 

p^j : B{mo^s)~^r''{mo,s) ■ 

Theorem 6.26. The map p^^s *s an isomorphism of differential graded algebras. 
It follows that every Oi^o^s)- differential subalgebra of L""'^ (DJIq^s) is differentially 
simple, and that U''^ [dJl^.s) is a polynomial algebra. Furthermore, 

i/°(L^''^(OTo,s)) and H'(L'''^ (mo.s)) ^ for all i > 1 . 

The primitive of a closed form f G W'' Q''L'"'^{DJlo^s) "is of weight at most 6+1. 

Proof. The proof of theorem 13.381 implies that the differential structure of the al- 
gebras B{dyiQ,s) and L^'^{^o,s) are uniquely determined from the tensor decom- 
positions (|6.44() . since we have a fixed base point at infinity corresponding to v. 
It follows that py^s is a map of differential graded algebras. The fact that it is an 
isomorphism then follows immediately from corollarv l3.13l The rest of the theorem 
is a consequence of theorem l3 . 2 61 and corollarv l3.4()l □ 
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We obtain a similar decomposition for every vertex v £ . 
Corollary 6.27. For each v G , there is a canonical realisation 

p,,5 : B(ajlo.s)^i"'*(aTto,s) , 
which is regularised at the vertex v. 

The map p^^g has to be defined directly as follows. Recall from i l6.2l that there is 
a decomposition B{DJlo^s) — By^si^o,s)^Q[[^ii ji], ■ ■ ■ , i'^ieje]] into convergent and 
non-convergent words, where {ii,ji}, ■ ■ • , {ii,je} are the set of chords in the trian- 
gulation of the n-gon corresponding to v. Then py^s is the unique homomorphism 
such that 

Pv,5{[uJi,jJ) = logw«,j, foraUl<fc<£, 

Pv,s{'^Cl[uJi^\ . . .\uJiJ) ^ C/ UJi^.. . OJj^ , 

I I Ji 

for all ci[LOi-^\ . . .\LOi^] G By^s{^o.s)i where 7 is a smooth path such that 
7(0) — V and 7(1) = z G 37lo,s(C). Such an iterated integral converges, since 
By^si^o,s) is spanned by the set of integrable words no element of which ever ends 
in a symbol uji^j^ for 1 < k < £. The integrability condition H3.8() ensures that 
it only depends on the homotopy class of 7 and therefore defines a multi-valued 
function on 9Jlo.s(C). Correspondingly, there is a decomposition 

i'''*(9Ko,s) = Ll-\Tlo,s) (Q[logu,,,, : 1 < k < i] , 

where L'^'^ (JXIlo^s) — Pv,s{Bv,s{^o,s)) is the algebra generated by the coefficients 
of fv,5 (defined in theorem 16. 12f) . They are holomorphic in a neighbourhood of v. 
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7. Period integrals on aHo,„(M) and generalised shuffle products. 

Given a regular algebraic n — 3-form on OJlo.Sj we give necessary and sufficient 
conditions for its integral over a fundamental cell ^5 ,5 to converge. We obtain 
a formula for the order of vanishing of any such form along any given divisor on 
S!Ho,s\2to,S- Finally, we show how the double shuffle relations for multiple zeta 
values are a special case of generalised multiplicative structures on the set of all 
period integrals. 

7.1. The set of all regular algebraic forms on 'ORq^s can be written in terms of 
a canonical dihedrally-invariant form which we construct as follows. Let (5 be a 
fixed dihedral structure on S, and correspondingly, write S = {si, . . . ,s„}. First 
we define the following form on (P^)", where the indices are taken modulo n: 

(7.1) ^s,s = A ■ 

The forms uis.s are PSL2(C)-invariant, since if we set 

_az, + l3 for 1 < j < ^ ^ ^here £ PSL2(C) , 



then dz'i = {■yzi + 6)^'^dzi and z^ — z^ = {■yzi + 6)^^{'^Zj+6)^^{zi — Zj), and therefore 
Us. 5 is unchanged on replacing each Zi by z^. In order to define a form on 9Jlo,s, 
consider the quotient map p : (P^)" — > QJto.Si which has fibres PSL2. Let v denote 
a fixed non-zero algebraic invariant 3-form on PSL2(C) which is defined over Q. 
This is uniquely determined up to a non-zero rational multiple. Then there exists 
a unique form LOg g on OJlg^s such that 

P*i^^Sj) A V = 0Js,5 ■ 

The form ujs^s is defined over (Q), and is Z?2n-invariant by construction. In simplicial 
coordinates H2.3|l . and using the PSL2(C)-invariance of H7.1|) . we can normalise the 
rational coefficient of los.s such that: 

_ dti A . . . A dtg 

if ^ > 2, and LUg g = dti ii I = 1. In dihedral coordinates, one has LOg g — du^A if 
t — l^ and if ^ > 2, one can write 1)7. 2|l using H2.8|l as follows: 

,„ „x du2A A dU2b A ... A dU2 n-l A dU2n 

(1 - U24W25)(1 - U25U26) ... (1 - U2n-lU2n) 

The latter representation is not unique because of the various relations between the 
functions u.y and their differentials. The form LUg^g clearly defines a meromorphic 
form on the compactification 9Jlo,s. For any boundary divisor D C 97to,s\$Ho,s we 
denote by ord^ 0^5^^ the order of vanishing of 0^5 ,5 along D. 

Lemma 7.1. The form LUg,g has neither zeros nor poles on DJIq g\dJlo,g . 

Proof. In cubical coordinates, 0^5 ,5 has the representation: 
, , dxi A ... A dxi 

(1 - 2:1X2) ... (1 - Xf-lXg) 

It is clear that ^5 ,5 is not identically zero nor infinite along the divisors Xi = 0, for 
1 < i < £. In other words, the order of vanishing of LOg^g is zero along the divisor 
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U2 i — for each A < i < n. But since ujs^s is I?2n-invariant, it follows that the 
order of vanishing of lus^s is zero along all divisors at finite distance Uij — 0, where 
{h3}^Xs,s- □ 

In other words, given any fixed dihedral structure S on S, we can define uts.s 
to be the unique (up to multiplication by Q^) non-zero volume form on OJlo,s(IIi) 
which has no zeros or poles at finite distance. Equivalently, it has no zeros or poles 
on the boundary of the closed Stasheff polytope Xs,s- 

It follows from H2.9|l that every algebraic volume form on DJIq g (R) can be written 
as a linear combination of forms 

(7.5) Y\_ ^S,<5 , where aij G Z for each {i,j} e xs,S ■ 

Now suppose that we are given a collection of coefficients a — {ctij){i.j}exs s which 
are all non-negative. We define the following family of period integrals: 

(7-6) Is.s{a^J) = /_ Y[ ujs,s ■ 

The integral is finite because each function Uij is continuous and bounded on the 
compact set Xs^s- Since lus^s is positive on Xs,s and invariant under the action of 
D2n, it follows that Is,s{(^ij) is also positive, and we have a dihedral transformation 
formula: 

(7.7) Is,s{aij) = Is,s{ao(t)a(])) for aU a G L'2n ■ 

These integrals can be written explicitly in simplicial and cubical coordinates. 
Lemma 7.2. In cubical coordinates, we have the following formula: 



f ^ 



(7.8) /s,.-(«,,) 

/ rn 1 1 ^ 

i<jt 

where the indices ai, hi, Cij £ Z are given by: 

(7.9) flj = a2i+3 , 

bi — ai+2i+4 , 

Cy = ai+3 j+3 -I- ai+2 j+4 - a-i+2 j+3 - "i+s j+4 , if j > i + 2 . 

Proof. In cubical coordinates, the domain of integration is Xs,s — [0, 1]^, and the 
only factors that occur in the denominator of ws,5 are (1 — x^x^+i) by H7.4|l . Using 
the definition of the cross-ratios Uij , we can rewrite the function 

/ = n = ± n - ^«)''' ' 

{iJ}<^XS,s l<p<q<n 

where the indices Spq are given by Spq — Op-iq + apq-i — ap-iq-i — apq, and 
where we set aa+i = an = 0. In cubical coordinates, we have zi = 1, Z2 = oo, 
Z3 = 0, and Zj+a = Xi . . . xi, for 1 <i < £. If we put the various elements together, 
we obtain the formulae for bi and Cij given above. The formulae for ai are easily 
deduced using the fact that xi = W24, ■ ■ ■ ^xi = U2n- □ 
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A special sub- family of these integrals were considered in [Zu] , [Fi2] , [Zl] , where 
it was also conjectured that they are expressible in terms of multiple zeta values. 
It is easy to verify that the change of variables matrix given by (|7.9|) is invertible 
over Z. 

Similarly, in simplicial coordinates one can verify that 

where A = {0 < ii < . . . < tg < 1} denotes the unit simplex, and where 

a'i = a3i+2 + (X2i+3 - a3i+3 ~ a2i+2 , 1<«<^ 
b'i = ani+3 + aii+2 - ani+2 ~ aii+3 , l<i<i 
c'ij = ai+2 j+3 + j+2 ~ i+3 - "1+2 j+2 , ^ < i < j < i 

where we set aa+i — an = as above. Once again, it is not difficult to verify that 
the corresponding change of variables matrix is invertible over Z (this is implied by 
equation He.l?!) ). 

7.2. Relative periods and mixed Hodge structures. Let n = \S\ = £ + 3, and 

let A, B denote two sets of divisors at infinity on S[)To.s\9Ko.S5 where we assume 
that A n B is of codimension at least 2, i.e., A and B have no shared irreducible 
components. Consider the relative cohomology group 

(7.10) H\mo,s\A,B\BnA) , 

which has a canonical mixed Hodge structure [De]. Since the divisor AU B is 
globally normal crossing, this can be computed using the techniques of [G-S], [V], 
and it is easily verified that it is of Tate type. Goncharov and Manin construct an 
object in the abelian category of mixed Tate motives MT(Q) over Q [Go, D-G], 
whose Hodge realisation is the mixed Hodge structure (|7.10l) . They then show that 
this motive is unramified over Z. We shall write the corresponding motive and 
mixed Hodge structure with the same symbol. No confusion arises because the 
Hodge realisation functor is fully faithful over Q ([D-G], proposition 2.9). Suppose 
that we are given a relative homology cycle 

[As] ei?£(Mo,s,S) . 

We can assume that this class is represented by a smooth compact real submanifold 
with corners Ab whose codimension-fc boundary is contained in the fc-stratum of 
B. More precisely, if B consists of irreducible components Bi, for 1 < i < iV, then 

(7.11) O'^Ab = As n fl B,, n . . . n B,, . 

ii,...,ik 

Suppose that we are given an algebraic £-form Qa on 9Jlo,s which is defined over 
Q and whose singularities are contained in A. Then the relative period integral of 
along As is defined to be 

(7.12) / flAeC. 

JAb 

By a higher-dimensional version of Cauchy's theorem, this integral is invariant 
under continuous deformations of As relative to B. We can thus assume that Ab 
is disjoint from A, and therefore the integral is bounded, since flA is continuous on 
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Ab, which is compact. Note that the integral depends on the relative cohomology 
classes of in H\mo,s\A, B\B n A), and As in He(Mo.s\A, B\B n A). 

Lemma 7.3. grp^^TJ^ (9Jlo,s, .B) is spanned by the homology classes of a number of 
cells Xs.s, where 5 is in a certain set of dihedral structures which depends upon B. 

Proof. The relative cohomology group Hi{^o_s,B) can be computed using the 
spectral sequence of the complex 

Mo,s ^ U ^ U J ^ • • ^ U ' 

i i.j 

where B is the union of a set of divisors Bi, and Bj = f]^^j Bi. The spectral 
sequence degenerates on the level and it follows that 

gr^HeiMo.s, B) = ker ( i/o(B/) ^ Ho{Bj)) . 

In the simplicial complex defined by B, this is just ker(C^ C*^) where p is the 
number of points, i.e., £-fold intersections of divisors, and e is the number of edges, 
i.e., I — 1-fold intersections. This also computes the number of cells in 9Jlo,s(Ili) 
bounded by i? H 9Jlo,s(R). Since 97lo,s(M) is tesselated by the cells Xs,f, (lemma 
12211, they must generate Hi(^q^s,B). □ 

Lemma 7.4. Every relative period integral over a union of cells Xs.Si is a Q-linear 
combination of Is.s{oiij), where the Oiij are all non-negative. 

Proof. Fix a dihedral structure 6 on S. Any such integral / can be written: 

AT » r ^ 

^ = X! /_ ^' = /_ ' 

where Ui e 57^(9Jlo.s(R)), and where is an element of 6(5) which maps the 
dihedral structure 5i onto 5. The right-hand side can be written 

-f = /_ / t^s.s , 

where / G (I2[uy , u"""^] is a regular function on StHo.s- Note that by lemma this 
integral converges absolutely if and only if f 0Js,s has no poles along dXs.s. Since 
dXs,5 is the union of divisors Dij ~ {uij — 0}, and since ord^i.^/ws.a = ord^.^. / 
(by lemma ITITI) . this implies that / € Q[uij]. Since / is a polynomial in the u^, 
it can be written as a linear combination of monomials with positive exponents, or 
in other words, / is a finite Q-linear combination of integrals Is^s{ciij), with aij all 
non-negative. □ 

In order to rephrase the above in motivic terms, we need to recall the notion of 
framings from [Gol-2], [BGSV]. Let m > denote an integer. An m- framing on a 
mixed Tate motive (or its Hodge realisation) is given by two morphisms 

V : Q(-m) ^ gr^M and / : Q(0) ^ (gr^M)^ . 

Two framed mixed Tate motives (M, v, /) and (Af, v' , /') are said to be equivalent 
if there is a morphism M M' which respects the framings. The framings on the 
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motive ()7.10|l were defined in [G-M] as follows. There are isomorphisms 
gi^H,imo,s\AB\BnA) - gY^Hi{mo,s,B) , 
gvYiH'{Mo,s\A,B\BnA) = gT^H'{mo,s\A) . 

Therefore, the cl asses [Ag] e grJ^i/^OTo.s, S) and [Qa] e gr^7J^(Mo,s\^) define 
an framing on H7.1()|l . Note that these framings could be zero. 

We introduce a simplified variant of the above motives. Let S denote a fixed 
dihedral structure on S and let Ds denote the set of divisors at finite distance in 
mis- These are the affine varieties which bound the fundamental cell Xs s- Let 
uj € J7^(SHo,s) denote an algebraic €-form with no singularities along Dg, which is 
defined over Q. Let us define the ^-framed mixed Tate motive: 

(7.13) msjiio) = {H'imls,Ds), [Xs,si H) , 

equipped with the framings given by the class of the fundamental cell Ab — Xs,5, 
and the class of u. The framed motives ms.si'-jj) are more convenient to work with 
because the varieties OTtps ^""^ affine, and we do not need to keep track of the 
divisor data at infinity. Lemmas 17.31 and 17.41 imply that the framed mixed Tate 
motive (i?^(9Jlo.s\^, i3\-B n A), [As], [JIa]), is equivalent to a linear combination 
of motives: 

ms,5 [f i^s,s^ , where / = ]J u^^' . 

The equivalence is given by natural inclusion maps between moduli spaces, the 
action of the symmetric group, and the additivity of framed objects with respect 
to their framings. 

7.3. Formulae for the divisor of singularities. In order to compute the divisor 
of singularities of an arbitrary form l|7.5|l . it suffices to compute the order of the 
canonical form ujs,s along each divisor at infinity. This is easily done by exploiting 
the action of the symmetric group. 

Proposition 7.5. Let \S\ = n = £ + S, and let D denote the divisor given by the 
stable partition 5^ U S*^ = S' f vrovosition \2. 3l^) . Then 

ordujs,s^— 2 X! Id(«,« + 2), 

where the notation Id is defined by equation H2..V,9|I in ^2.6\ 

Proof. Let k > 2 denote the number of elements in . Let a denote a permutation 
cr G 6{n) such that a^'^iS^) = {1,2, . . . ,fc}. By |(7ITJ, we have 

cr*(w5,5) = ± TT ( )^S,S ■ 

By passing to the quotient p : (P^)f 9Ko,s, we have 

ordu LOS J = ordo <7*{ujs,s) - oidof , 

where the function 

Zi ~ Zi+2 



f- n 



Za{i) ~ ^(T(j+2) 



is homogeneous and PSL2(C)-invariant by the remarks in §7.1. It can therefore be 
written as a product of cross-ratios and is a well-defined function on 9Jlo,s. Now 
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ordo a*{Lus^s) — ord{i_...^fc], lus,s = 0, since the divisor given by the stable partition 
{1, . . . , fc} U {fc + 1, . . . , 71} is Dkn — {ukn — 0}, and we know by lemma 17.11 that 
ujs^s has no zeros or poles at finite distance. Therefore 

(7.14) orda ujs,s = -ord/) / , 

and it suffices to compute the zeros and poles of /. Recall from corollarv l2. 311 that 



ovdj 



{zj - Zk)izj - zi) _ 1 p 



Id {i,k)+ Id {j, I) - Id (i, - (j, k) 



{Zi - Zl){Zj - Zk) 

We deduce that 

ordD/ = ^ {}d{i,i + 2) - lD{<j{i),a{i + 2)) 

But {a{i),a{i + 2)} C if and only if {z, i + 2} C {1, . . . , fc}. The number of such 
pairs is exactly k — 2. Likewise, the number of i such that {a{i),a{i + 2)} C 
is n — fc — 2. It follows that the second quantity in the sum directly above is 
n ~ 4: — £ ~ 1. This completes the proof on substituting into H7.14|l . □ 

We immediately deduce the following formula for the order of vanishing of an ar- 
bitrary form along any divisor D C 2Jlo,s\9Tlo,s- Let 

/ = n ^ij' ' ^ ^ • 

Corollary 7.6. Let D and f be as above. Then 

2oidDfoJs,s = a^3[^D{i,j + l)+lD{i + l,j)-lD{i,j)-lD{i + l,j + l)] 

{i,j}exs,5 

+ J2 iDii,i + 2) . 

Proof. This follows immediately from the additivity of ordu and the fact that 

2ordDUy = 2oidD[ii+l\j+lj]=lD{i,j + l)+iD{i+l,j)-lD{i,j)-lD{i+l,j+l) ■ 

□ 

Note that along each divisor at finite distance = {uy — 0}, where £ xs,s, 

we clearly have ord£)(/) = a^ . In total, there are as many boundary divisors 
D G 3Jlo,S as there are partitions of S into two sets, each containing at least two 
elements. These number 2"^^ — n — 1, but there are only n{n — 3)/2 parameters 
ttij, which implies that there are many relations between the quantities ordo/, for 
varying D. The following lemma gives an alternative approach for computing the 
orders of functions along divisors. 

Lemma 7.7. Let D be the divisor o/9Jlo,s\97lo,s corresponding to a stable partition 
SiU S2 = S. For each two-element subset T = {si^Sj} C Si, let Dt denote the 
divisor given by the partition T and its complement S\T . Then for any function 

f e Q(9Jlo.s), 

(7.15) ordn/ = ^ ord^r/ • 

TcSi,|T|=2 
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Proof. It suffices to verify the formula for the function / — Uij, where G Xs,s, 

since it is compatible with products. By corollary 12. 311 



ord 



D Uij 



— 1 if i,j e 5i, and i + l,j + leS2 
1 if «, j + 1 G 5*1 and i + 1, j G 5*2 , 



and is otherwise. One can check that the identity holds for two-element subsets 
of Si r\ {i,i + + 1}, from which it follows in general. For example, if Si fl 

{i, i + 1, j, j + 1} — {i, i + I, j + 1}, then ordoUij = and this is equal to 



ordD^^^^^jUy + ordD{,_^.+i,M^j + ord^^^^^^ =0 + 1-1 



□ 



7.4. Singularities of the Kontsevich multiple zeta value forms. There is a 
special set of ^-forms on 97to,s corresponding to the iterated integral representations 
of multiple zeta values due to Kontsevich. Let n > 5. We apply the previous 
proposition to compute the divisor of singularities of each such form and retrieve 
one of the results of [G-M]. Let e = (ei, . . . , e^) where ei, . . . , G {0, 1}. We define 



(7.16) 7, = 3-2ei G {1,3} , for 1 < i < £ , 
and set 

(7.17) n{£) = [5 n I 3 2] [2 n|l 3]^' J| + 5 7, | i + 3 2] lus,s ■ 

i=l 

The term in the product corresponding to i = £—1 requires explanation. We define 
[n + l7^_i|n— 1 2] ~ [13|7i — 1 2] if 7^_i = 3, and define it to be 1 if je-i = 1. We 
can write this expression in explicit simplicial coordinates (|2.3ll by setting zi — 1, 
Z2 = 00 and Z3 = 0. If we define ti+i = 1, one can verify using 1)7. 2|l that 

i—l i—1 

Let X — {xq, xi} be an alphabet with two letters as considered in iJS.SI Assume that 
Ci — 1 and €£ — 0, and define a word w — x^,, . . . x^-^ G xqX*xi. Let — Yfi=i ^i- 
It follows from (|2.34l) and a well-known formula for (.{"w) that 

(7.19) / m -I A ^ - (-i)'-xM • 

JXs,5 ■Jo<ti<...<te<l i^i'^^ 

The integral converges if and only if ei = 1 and = 0. It follows that every 
multiple zeta value of weight t occurs as a relative period of 3Jto/+3(K) [G-M]. 

Lemma 7.8. Let e~ (ei, . . . , e^) with ti G {0, 1} for all 1 < i < £. Then 

e 

2 ordD n{e)^i-l + Y,[iD (2, 7*) - Iz5 (« + 3, 7.)] - I] (2, fc) - Id (1, 3) , 

i=l k^2 

where 7^ G {1,3} is defined in \7.1b\ . 
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Proof. First we assume that — 0, and therefore 7£ = 3. It foUows from H7.17|l 
that 

e-i 

2oTdDn{e) = ^IB(^ + 3,^ + 5)+II5(2,7,)-Iz5(2,^ + 5)-II5(^ + 3,7,) 

(7.20) + lD(3,5)+Ii3(2,n)-Ic(2,5)-lD(3,n) + ordi5Ws,5 , 

and the formula stated above foUows on substituting the expression for oido i-os.s 
given in proposition 17.51 In the case where = 1, 7^ = 1, a similar formula for 
r2(e) holds except that one must multiply by an extra cross-ratio [2n|13]. This 
contributes 

Ii3(2, 1) - loin, 1) - (Id(2,3) - ^(n, 3)) 
in the expression above, and this is precisely what is required for the formula to 
hold in this case also. □ 

Let D C 9?lo,s\9Jlo,s be the divisor corresponding to a stable partition 5*1 U ^2 
of S. Then, up to permuting the sets Si and S2, D is one of the following four 
types, where AU B is a partition of {54, . . . , s„}: 

(1) 5i ={S1,S2,S3}UA S2 = B. 

(2) 5i = {si,S3}UA S2^{s2}UB. 

(3) 5i = {si,S2}UA S2^{S3}UB. 

(4) Si ^{S2, S3} (J A, S2^{si}UB. 

Corollary 7.9. Let Aq = An {si+3 for 1 < i < i such that = 0}, Ai = A\Ao, 
and define Bq, Bi, similarly. Then, according to each of the cases above, 

\B\ — 2 if D is as in case (1) , 

— 1 if D is as in case (2) , 

l-Bil — 1 if D is as in case (3) , 

I-BqI — 1 if D is as in case (4) . 

Proof. In case (1), the formula stated in the previous lemma gives, term by term, 
2 oidDMe)) =e-l + e-\A\- {\A\ + 2) - 1 , 

and the formula follows, since £ = |j4| + \B\. In case (2), it gives 

2ordD(rJ(e)) = ^ - 1 + 0- |A| - |S| - 1 = -2 . 

In case (3), we have Si — {si, S2} U ^0 U ^1 and S2 — {ss} UBqU Bi. The formula 
in the previous lemma gives, term by term: 

2ordD(r!(e)) =£-1 + i\Ai\ + \Bi\) - {\Bo\ + \Ai\) - (1 + \Ao\ + - , 

but since £ = \Ao\ + \Ai\ + \Bo\ + \Bi\, this is just 2\Bi\ - 2, as required. The 
formula for case (4) follows by symmetry. □ 

In case (1), we must have |S'2| = \B\ > 2, otherwise the partition Si U S2 is not 
stable, so no singularity ever occurs along such a divisor. It follows that the divisor 
of singularities of 17 (e) are precisely those divisors of type (2), and those of type (3) 
(resp. (4)) for which Bi (resp. Bq) is empty. Let us set si = 1, S2 = 00, and S3 = 0, 
as usual. Then the divisors of type (2) correspond to the divisors which are called 
'type 00' in [G-M]. The divisors of type (3) for which there is a pole are partitions 
of the form {1, 00} U A and {0} U B , where B = Bq and hence B C {si+3 : = 0}. 
These are exactly the divisors of 'type 0' according to [G-M]. Similarly, our type 
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(4) above corresponds to 'type 1' and the previous result implies proposition 3.1 of 
[Go-Ma]. Note that the above proof only uses the action of the symmetric group 
and does not use any blow-ups. 

7.5. Generalised products and the double shuffle relations. In ^2. 71 we con- 
sidered non-degenerate coordinate systems 

k k 

1=1 1=1 

where the sets Ti cover S and the dimensions satisfy 12.43|l . Since the dimension 
of 9Jlo,Ti(R) is \Ti \ — 3, the Kiinneth formula gives an isomorphism 

k k 
i=l i=l 

We deduce the existence of a multiplication map for volume forms: 

k 

(7.21) r : (g)i/l^'l-'(2no,T.(K)) i/l^l-3(OTo,5(K)) ■ 

i=l 

This in turn gives a product formula for period integrals on the spaces l!Jlo,s(K). If 
S has dihedral structure 5, then it induces dihedral structures 5i on Tj. Recall that 
the fundamental domains Oi=i ^Ti.&i and Xs,& are related by the set G/ defined 



in (|2.44|) via the formula 
Corollary 7.10. Let e H^'^'^-^iTlQ^T^iR)) , forl<i<k. Then 

k 

n/ = E / /*(wi(g)...®wfc) . 

It follows that a product of period integrals on real moduli spaces is itself a period 
of real moduli spaces. 

Remark 7.11. We know that / extends to give a map DJIq g — > IliLi ^o't • 
previous corollary therefore implies the following multiplication formula for the 
framed mixed Tate motives defined in H7.2I 

k 

(7.22) (g)mT,A(^*)= ms,-,(/*(wi®...®Wfc)) . 

1=1 y^Gf 

We can apply the product formula above to the set of multiple zeta forms r2(e) 
defined in t l7.4l As in tl5.5l let X denote an alphabet with two letters {xo,xi}. 
Let w — x^^^ . . . and w' = x^^ . . . Xe^^^ denote two words in xoX*xi, where 

e {0, 1}, such that ei = e^+i = 1 and = ££ = 0. Let us write e = (ei, . . . , e™) 
and e' = {em+i, ■■■,££)■ Recall the simplicial product map defined in H'2.7\ 

where Si = {si, S2, • ■ • , Sm+s} and ^2 = {si, S2, S3, Sm+i, ■ ■ ■ , Sn}- We deduce that 
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Recall from §2.7 that is the set of {m,£ — m)-sliuffles, and that, in simplicial 

coordinates, Xs,s is the unit simplex. We therefore deduce that 



/ A^x/ A 
E / A^ 



dt,. 



, , - U 



dti 

_ , A: 

o-ee(m/-m) "'0<t<,(i)<...<t„(f)<l 

which, by (|7.19|l . gives the shuffle product formula: 

(7.23) C{w)C{w')= C(a;<T(Q)Me«-i) ■ • -a^rriei)) = C(«^niw') • 

Now let us see what happens in the case of the cubical product map H2.48|l : 

mo : mo,s — > OTo.Si x ^0,82 , 
where Si = {s2, S3, • ■ ■ , Sm+4} and ^2 = {sm+i, • ■ ■ , Sn, si, S2, 53}- We deduce that 

since in this case Gmn is the single element {5}. In cubical coordinates, each 
fundamental cell is a hypercube, and thus we obtain the formula: 

(7.24) / r!,(e) / = f n,{e} r!e(e') , 
J[o,i]"^ J[o,i]«-™ J[o,iV 

where 

d{xi . . .Xi) 



(7.25) nc(ei,...,em) = A 

2 — 1 

One can write the product Slc(£) ^^c(e') as a sum of terms f2c(e") either using an 
identity due to Cartier (see [Zu] ) or using a power series expansion due to Goncharov 
([Go3], lemma 9.6). We use the latter approach. Let r]i = (1,0, ... ,0) denote a 1 
followed by a sequence i — 1 zeros. Then 

r2c(ei, • • ■ ,em) = f^c(?7«i, ■ ■ • jjyrv) = E Vi^ ■ ■ ■Vr^'dxi . . .dxm , 

0<ki<...<kr 

where yi = xi . . . x^, y2 ^ a;„^+i . . .Xn^,- ■ ■ , Vr ^ Xn^+i ■ ■ -Xm- Expanding Jlc(e') 
in a similar way, we obtain 

n,{e)n,{e!) = J2 yi'---y> E y'Ti ■■■yt'dxi...dxe 

0<fei<...<A,v 0<kr+i<...<kt 

= E E Vi' ■ ■ -Vt'dxi . . .dxi ^ ^ f^c(o-(e,e^)) , 

where Hm^i-m is the set of stufHes in the stuffle product for quasi-symmetric power 
series [Ho], and cr*(A:i, . . . ,kt) is the corresponding domain of summation. Substi- 
tuting this into H7.24|l . we deduce the stuffle product formula (see [W]): 

(7.26) C{w)C{w') = Ciw*w') . 
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Remark 7.12. This approach can be used to derive any number of elementary 
products between mutiple zeta values. To make such a product explicit, one needs 
to fix a rule for decomposing a product of £-forms into a sum of ^— forms of a 
preferred type (for example, ^l{e) or Oc(e;)). The motivic origin of such a product 
formula follows immediately from remark FZ . 1 II above (in the case of the shuffle and 
stuffle formulae, this is equivalent to an argument due to Goncharov [Go3]). We see 
by looking at the sets Gmn f^nd Gm^ , that the shuffle and stuffle product formulae 
are extreme cases of a range of intermediary product formulae, obtained by shuffling 
together two subsets of {53, . . . , se} relative to si ~ 1, S2 ~ 00, and S3 = 0. Such 
modular products will be studied elsewhere. 

7.6. Product formulae for integrals of generalised poly logarithms. More 
generally, we can apply the product formulae to convergent iterated integrals of 
functions of arbitrary weight, rather than just regular algebraic forms. If / is a 
non-degenerate coordinate system f ii2.7|l . there is a commutative diagram 

f* ■■ ^tiBmo.T,) B(mo,s) 

ii u 

where /* is a map of differential graded algebras. The vertices v,vi, . . . ,Vk are 
chosen such that f{v) = {vi, . . . , v^.) € Y[i=i ^o't ■ vertical maps are given 
by canonical regularisation maps Pv,5,Pvi,Si defined in ii6.7l Since each B{dJlQ,T^) is 
differentially simple, and since the map /-^. is non-zero for each \ < i < k,it follows 
that /* is injective. The horizontal map along the bottom is given by composition 
and multiplication of functions: 

{pi,...,Pk)^PlofT^ X ...XpkO Jt^ . 

In the same way as 'il .b\ we deduce the product formula: 



(7.27) 




where we suppose that all integrals are convergent. In this way, we can obtain 
product formulae for generalised period integrals (integrals of poly logarithms). 

In H6.6I we defined an action of the dihedral group of symmetries on the space 
of hmctions ^^.(OJto.s). We therefore have the following formula for any function 
/ G L"'"^ (9Jto.s) such that the integral converges: 

(7.28) / / = / a*f for aU a e Z?2n ■ 

If we combine dihedral symmetries with such product formulae, we have much 
freedom for manipulating integrals of generalised polylogarithms over Xs.s- In 
particular, we can replace a period integral over any given face of the Stasheff 
polytope Xs,s with one over a face of fixed combinatorial type. 

Lemma 7.13. Let Fq C dXs.s denote a fixed face of the Stasheff polytope Xs,s 
which corresponds to a short chord {i,i + 1} in the n-gon {S,6). Given any other 
face F C 8X3,5, and any form ui G fJ^^^L^^ (_F), there exists another form uj' G 
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n'^-^L^j'"°{Fo) such that 



IF JFo 

where the weight of lj is less than or equal to the weight of lo' . 

Proof. By using a product (|7.27|) we can replace the integral of lu over F = Xk,Si x 
Xn~i~k,S2 with an integral over a face of dXs,s of combinatorial type Xn-i^s'- 
Since the group of dihedral symmetries D2n acts transitively on the set of all such 
faces, we can replace this with an integral over the face Fq by applying H7.28|l . □ 

7.7. Examples of period integrals in small dimensions. First of all, consider 
the case 9Jlg_5(M), where S — {si, . . . , s^}, with the obvious dihedral structure 
which we denote 6. We shall work in cubical coordinates {xi,X2), which we write 
{x,y). The set of chords xs,s is {13,24,35,41,52}, and the dihedral coordinates 
are 

1 — X 1 — y 

(7.29) ui3 = l-a;y, U24 = a;, ^35 = -; , "41 = -; , M52 = 2/ • 

I ~ xy ^ — xy 

The domain Xs,5 is bounded by the five sets of equations Uij = 0, m+ij+i = 
Ui-ij-i = 1 for each pair {i, j} G xs,s, and these form the sides of a pentagon whose 
interior is Xs.s- In all, there are ten stable partitions of the set {si, . . . , 55}, which 
means that there are another five divisors at infinity given by the five equations 



u 



oo,Mi_2j-2 = Mi+2j+2 = 0, whcrc {i,j} £ S. These too form a pentagon. 



The volume form ^5,5 = dlogwia A (ilogU24 = (1 ~ ^y) ^dxdy, and every real 
period integral on Xs.s is a sum of integrals 

Ixs.5 ("y ) = / "13 "24 "35 "41 "52 ^s,s , 



which in cubical coordinates is just 
h{h,i,j,k,l) = 



^ x''{l-xyy''{l-yy dxdy 
Jo (1 - xyy+^-' l-xy ' 

where we have set 024 = ft., 035 = «, a4i = j, 052 = fc, ai3 = I. This exactly 
coincides with the family of integrals first defined by Dixon, and studied by Rhin 
and Viola [Di, RVl]. The dihedral group Dio preserves the integral and permutes 
the indices {/i, z, j, /c, It is generated by a cyclic rotation of order five T5, and a 
reflection of order two CT5 , where 

T5{x,y) ^ {l - xy,- ), a5{x,y) ^ {y,x) . 

I — xy 

Remark 7.14. By combining the action of the dihedral symmetry group D12 on 
9Jto,6 and the product formula for integrals on 9Jlo,4 x ^0,5 one can deduce the 
'hypergeometric transformation formula' for the integrals above. This remarkable 
identity was discovered by Dixon in 1905, and was exploited by Rhin and Viola to 
obtain the best irrationality measures for C(2) known to date. It is: 

(7.30) -l^/(ft, ^,J, k, I) = ^,k + l~^,^ + J-lJ). 
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Before proving this identity, first observe that the real period integral /4 on 9Jto,4 
is the following beta integral: 



^ Q!13!q!24! 



(7.31) /4(ai3,a24)= / x''^^ [1 - x^^^ dx . , ,im--- 

Jo (ai3 + a24 + l)' 

Now consider the case 97lo,6- I^i cubical coordinates (x, y, z) — [xi, X2, ^3) we have: 

l-x {l~xyz){l-y) l~z 

ui3 = 1-xyz , U24 = X , U35 = , u^e = — , U51 = , U62 = 

l-xy {l~xy){l~yz) 1-yz 

. . \ ~ yz \ — xy 

(7.32) ui4 = , U25 = y , 



1 — xyz ' 1 — xyz 

Let h, k, I, to, r, s, t be any nine non-negative integers. Let lQ{h, i^j, k,l,m \ r, s, t) 
denote the period integral of weight three on OJlo^e which is therefore given by 

f7 33) /'77' x'^{l-xyy\l-yyz'il-z)>^ dxdydz 

Jo Jo Jo il-xyy+^-^{l~yzy+'^-^{l-xyzY+'-^-"' il-xy)il-yz) ' 
The dihedral group of symmetries D12 for 2Ho,6 is generated by a cyclic permuta- 
tion we denote tq = {hi j klm){r st), and the reflection erg = {hl)(i k){r s). In the 
degenerate case where r + s — j + m and r = i -|- j -I- 1, the terms (1 — xy) and 
(l — xyz) vanish in the integrand and H7.33|l splits as a product Ii{h, i) 15(1, k, j, t, s). 
This is precisely a cubical product. Similarly, if the terms (1 — yz) and (1 — xyz) 
vanish, then we obtain a different splitting of the integral. 

Proof of H7.30|l . Let h, i,j, k, I be non-negative integers. We can assume without 
loss of generality that i < I. Set a = k + I — i, and (3 = i — I — 1. Consider 

h{a,(3)l5{h,i,j,k,l)^ Ie{h,i,j,f],a,l + P + IJ + (3+l,k) . 

We apply the cyclic permutation Tg and use the fact that a + f3+l = k, a + i = k + l 
to obtain a different splitting. This gives 

l6{j,(3,a,l + (3+l,h,i; k,l, j + p + I) h{j, (3) h{h,l + p + l^a, 3 + (3 + 1,1) . 

Replacing the £4 terms with factorials using (|7.31() . we obtain the identity 17.30|l . 

These examples illustrate how many important identities between multiple zeta 
values and Euler integrals can be proved by simple geometric considerations on 
moduli spaces 9Jto,n- Kontsevich and Zagier have made the very general and am- 
bitious conjecture that every identity between periods can be proved using three 
elementary operations on integrals: changes of variables, the linearity of integra- 
tion, and Stokes' theorem. In our situation, we have an infinite family of period 
integrals, but we have a fixed set of algebraic operations which we can perform 
on these integrals {e.g., the action of dihedral symmetries and the multiplication 
rules we defined above) . It would be interesting to see which of the many known 
identities between multiple zeta values can be proved by using just these operations. 
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8. Calculation of the periods of 97lo,n- 

We prove that the integral of a convergent algebraic ^-form over an associahedron 
Xs^s can be written as a linear combination of multiple zeta values of weight at 
most £. The key to the argument is the interplay between logarithmic singularities 
(which are permitted), and polar singularities (which are forbidden), along the 
boundaries of the associahedron Xs.s- 

8.1. Pole- free primitives. In order to apply Stokes' theorem to the manifold with 
corners Xs,s, we need to verify that the algebra of generalised polylogarithms on 
9JIq g satisfies the required properties. 

First of all, it follows from the regularization results of iJfi.Tl that the coefficients of 
the generating series of generalized polylogarithms Ly^s{z) have at most logarithmic 
singularities along the boundary of the Stasheff polytope Xs,s- This implies that 

(8.1) L%{mo^s)cT(Xs,s,^l°'') . 

Theorem 16 . 2fjl tells us that primitives exist in L|.(9Jto,s)- One difficulty, however, is 
that primitives of n-forms on a manifold of dimension n are not unique, and we may 
inadvertently introduce extra poles, which would give rise to divergent integrals. 
We show how to remove these extra poles below. In order to do this, we define 

(8.2) 4^(OTo,s) = 4(9«o,s) n r(Xs,s, 

to be the sub-algebra of polylogarithms on 9Jto,s which have at most logarithmic 
singularities on the boundary faces of the Stasheff polytope Xs,s- Observe that 
every generalised polylogarithm has a canonical branch on Xs^s, and is therefore a 
well-defined, real-valued function. 

Proposition 8.1. Let J (^W^Vl'^L%'^ [Tlo^s)- Th ere exists a pole-free primitive 

F e W''+' (r!^-iL|+(OTo,s)) 

such that dF — f , which implies that the restriction of F to dXs^s is continuous. 
In other words, the conditions of theorem \4-.ll\ hold. 

Proof. We know from theorem jC . 26l that ^^(SKo.s) has trivial de Rham cohomology. 
It follows that we can find a primitive G G r2^~^L|-(3Jlo,s) for /, of weight at most 
k + \, which may have polar singularities along dXs,s. 

In order to remove spurious poles in G, we work on a single chart of Xs,s at a 
time. Therefore, let e ^ x% s denote a partial decomposition of the n-gon (S*, (5), 
and let a G ^ be a full triangulation which contains e. For every small e > 0, 
recall that there is a chart C/e(e) (see (|4.2|l '). which has local (vertex) coordinates 
x",...,a;", which are canonical up to permutations. Recall that Ue{£) — Up,q 
where p + q = £ (§4). It contains the face Fe = {utj = : {i,j} G e}, and we can 
assume, by reordering the coordinates if necessary, that F^ ~ {xf ~ . . . — x'^ = 0}. 
We remove polar singularities with respect to each coordinate , . . . , in turn. 
First, there is a decomposition G = Gp + G' , where G" has at most logarithmic 
singularities in x", and Gp is the divergent part of G along {x" = 0}: 

log" x" 

(xa)b ga,bi^2^---^^e)'^a.b + 22^'^S''xihcix^,...,x1)dx^...dx1 , 
a>0,b>l ^ 1 ' c>l 
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where ga,b{x2, ■ ■ ■ ,x1),hc{x2, ■ ■ ■ ,x1) G J^p°^{Up.q-i), and where uja.b are any £-1 

forms Qi dxi . . . dxf . . . dxf, where at £ M. By differentiating this expression, 
and using the fact that dG — f has no poles, it is easy to verify that dGp = 
(in other words, poles can only get worse on differentiating). Therefore dC = /, 
and so G' is a primitive of / which has no poles along x" = 0. Using the fact that 
L^(Wlo,s') is closed under differentiation with respect to xf, and closed under taking 
regularised limits at xf = 0, for 1 < i < i ftheorem l6.25|l . one can easily check that 
G" hes in L^i^to.s), *-e-, G' is still a generalised polylogarithm. Repeating this 
argument for x",. . . , x'^, in turn, we obtain a primitive of / with no poles on the 
local chart U2{s). The whole argument can then be repeated on each local chart of 
Xs,s^ and we end up with a primitive F oi f which has no poles anywhere along 
dXs,s- This is because, whenever we remove a polar singularity along the divisor 
Dij^ {hj} G XS,s, no new poles are created along any other boundary component 
Dki, where {k,l} € Xs,5, and the total weight is not increased. This proves the 
proposition. The fact that the restriction of F to each component of the boundary 
is continuous follows from lemma B. 101 □ 

In ii8.3l we show how to construct canonical primitives which are automatically 
free of poles along dXs,s- 

8.2. Proof of the main theorem. Let S denote a set of order n = ^ + 3 with a 
fixed dihedral structure 5. 

Theorem 8.2. For all sets of indices aij > 0, 

Is.sM = [_ n ^'"^3,6 e W'Z . 

Proof. The proof is by induction and by repeated application of Stokes' theorem 
(theorem 14.11(1 . We write S = Sn = {si, . . . , s„}. First observe that the regular 
£-form 

/o = n <i'''s,5 e l¥"(r!^L|(OTo,5)) 

has no poles on the compact set Xs,s- Let us write 

Si — {si, . . . , Si} for all 3 < i < n , 

and let Sb denote the dihedral structure on ^f, C 5 induced by S. This is equivalent 
to choosing a nested sequence of sub-faces of Xs,s in its stratification. Let < b < £, 
and suppose by induction that there exists an £ — b form 

fb e w'in'-'L'i+imo,s^_,)) , 

which has no poles on X s„_^,5„_t, such that 




By proposition l8.ll there exists a primitive P G fl^^'^^^ L^2.'^ {dJlo^s^^t) of weight at 
most b+l, which has no poles in Xs„_(,,6„_t, and is continuous on the interior of 
dX s^_i.s„-i - By the version of Stokes' formula stated in theorem 14. Ill 
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By the geometry of the Stasheff polytopes (323, we know that 

where Fij — Fij{X s„_^,s„-b) is the face correspondmg to the chord and 
therefore 

(8.3) IsjM^ E / 

{■'j}exs„„(,,4„ 



Given a chord {i, j} G XS„^b,s„-bJ there exists a partition of Sn-t = T1UT2 such that 
Fij = XTiii{e}.Si X ^T2U{e},i52, whcrc 6 corrcsponds to the chord (equation 
(|2.35|l ) and 6i, S2 are the induced dihedral structures. By theorein l6.25l we have 

By lemma mH there exists c/y G W''+^{n'^-''-'^L%{mo,s^_,^i)) such that 
[- - P\f.,-L 9^,- 

Thus each integral in the sum IjS.SI) can be written as an integral over the fixed face 
^S„_!,_i,(5„_(,_i by applying product formulae and using dihedral symmetries. Since 
P\Fij is continuous with at most logarithmic singularities along dFij, it follows that 



g^j e Vt^ H-^i (a^o.S„-6-i))- Taking the sum over aU e Xs^-b-i,s^- 

(lOl . we obtain a form h+i G W^+^{n^-^-^L%+{ma,s^-b-i)) such that 

Is,s{(^ij) = I fb+1 ■ 



b-l 



m 



This completes the induction step. At the final stage of the induction, we de- 
duce that Is.s is given by evaluating a multiple polylogarithm in one variable in 
T4^^L|(9}to,4) at a single point. We conclude (see that Is,s{aij) S W^Z . □ 

Note that it is not strictly necessary in the course of the above proof to use the 
product formula flemma l7.13l) . This replaces the sum of a product of integrals with 
a single integral at each stage, and only serves to simplify notations. Lemma |7.4I 
implies the following result. 

Corollary 8.3. Every relative period integral over a union of cells Xs.s^ can be writ- 
ten as a linear combination of multiple zeta values of weight at most dim9Jlo,s(K). 

8.3. Canonical primitives - an algorithmic approach. The existence of prim- 
itives uses the fact that 97lo,s is a fiber-type hyperplane arrangement. By exploiting 
the hyperlogarithm fibration, we can find canonical primitives, as in remark 13.421 
which have no spurious poles. This gives rise to a simplified series of integrals 
occurring in the proof of theorem 18.21 above, and yields an effective algorithm for 
computing period integrals on 9Jlo,s(R) algebraically. 

Let / e W^^^ {dJlo^s) ■ Working in cubical coordinates, we can write / = 
gixi, . . . , Xi) dxi . . . dxe, where g G L^^(3Jlo,s) is of weight at most b. Recall that 
by remark|333 there exists a primitive F e VF''+^f2^"^L|(9Jto,5) such that 

F — G{xi , . . . , xe) dxi . . . dxi-i , 
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where dG/dxi — g. More concretely, let S — {si, . . . , s„} and let S" — {s2, • ■ • , s„}. 
Recall from MB. 71 that the hyperlogarithm fibration given by projection onto xe — 0: 

aJlo.S — > SFJlo.S' , 
gives rise to a decomposition of filtered algebras 

where E = {0, 1, a^^-i' ■ ■ ■ ' (^i • ■ ■ in ^5.41 and S' is the induced dihedral 

structure on S". We can therefore write the function g as a finite sum of products 

g{xi,...,Xi) = ^ai{xi)bi{xi, . . . ,xe^i) , 

i 

where each bi G L2(^o,S') is a function of £ — 1 variables Xi, . . . ,xe-i only, and 
each ai, considered as a function of the single variable xi, is a hyperlogarithm 
with singularities in E U oo. We can assume that the are linearly independent. 
The weight of each product of ai{xi) and hi{xi, . . . ,X£-i) is at most b. Now by 
proposition 13.221 each function ai{xi) has a primitive (with respect to the variable 
xi) which we denote 

which is of weight at most one more than the weight of ai{x^). We can choose the 
constant of integration in such a way that Ai{xe) either vanishes at 0, or is log'^(a;^) 
for some fc > 1 (see ii5.2|l . In the latter case, ai{xi), and hence g{xi^ . . . , xe) would 
have a pole at the origin, so this cannot occur (this is precisely the argument in the 
proof of lemma B.10() . It follows that the function 

F = ^ Ai{xe) bi{xi, . . . , dxi . . . dxi^i 

i 

is a primitive of /, and is identically zero on all faces of Xs.s except the single 
face given by a;^ = 1. The primitive F has no poles since this would contradict 
the convergence of the integral by lemma 14.91 It is therefore continuous on the 
interior of this face, and we can apply Stokes' theorem directly. This approach to 
the induction step in the proof of the main theorem has the advantage that it does 
not involve any regularisation, or having to apply a product formula flemma l7.13|l . 

8.4. Taylor expansions of Selberg integrals and multi-beta functions. The 

method of proof of theorem 18 . 21 works much more generally, and enables us to com- 
pute integrals of arbitrary generalised polylogarithms on OJlo,s, which are allowed 
logarithmic singularities along the boundary of the domain of integration. 

Theorem 8.4. Let f G W'^ L^£^ {^q,s) denote a generalised polylogarithm on VJlo,S 
of weight at most k, which has no poles along dXs.s- Then 

The proof is identical to the proof of theorem 18.21 Note that the integrand is 
always well-defined on the real domain Xs^s at each stage of the induction. If we 
apply this theorem in the case where / is of weight at most one, i.e., a ©(SJIq.s)- 
linear combination of logarithms, then we deduce the following corollary. 
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Corollary 8.5. Let {sij} denote a set of complex parameters. It follows from the 
calculations in §4 that the following integral, viewed as a function of the variables 
Sij, is holomorphic in the region Re Sy > — 1; 

(8.4) PsAi^^i}) = / n <^^s,s ■ 

The coefficients of its Taylor expansion (with respect to the variables Sij) at any 
integral point Sij € where Sij > for all {i,j} G Xs,s, are multiple zeta values. 

Similar kinds of results have been obtained by Terasoma [Ter] in certain cases. 
The integral (|8.4II defines a multi-beta function, since in the case 9Jlo.4 it reduces 
to the ordinary beta function. It satisfies many functional identities coming from 
the dihedral relations (|2.10() . the product maps H7.27|l . and also the action of the 
dihedral symmetry group, and would merit further study. 

8.5. Computation of all relative periods of the moduli spaces SHo,S- Let 

A, B denote two sets of divisors in OJlcsV^^cs which do not share any irreducible 
components ( WI .'ly We sketch a proof of the following result. 

Theorem 8.6. The periods of H^{d]lo^s\A, B\B D A) are Q-linear combinations 
of multiple zeta values and the constant 2i7r, of total weight at most £. 

Let Ab C ^o,s{C) denote any real smooth compact submanifold with corners 
of dimension £, whose boundary is contained in the set of complex points of B. 
Let u G ft^{dyto,s\A). We can assume that As is disjoint from A, and that As is 
stratified by B according to H7.11(l . Let A be a union of distinct divisors Ai, for 
l<i<N. _ 

By decomposing the relative homology class [As] G Hg{M-o,s\A, B\B n A) into 
different pieces, we can first consider the case when As does not wind non-trivially 
around any component Ai of A. In this case, write X = Ab, and observe that 
the argument given in ii8.2l goes through as before. In other words, we can take 
primitives in the algebra of polylogarithms ^^(^o.s), and repeatedly apply Stokes' 
formula ftheorem l4.11|) to the manifold with corners X , and proceed by induction. 
Note that, although X is not necessarily simply-connected, the argument goes 
through as long as the functions we integrate remain single- valued along X. Since 
X does not wind around A, we can always ensure that this is the case, by taking 
primitives whose singularities are contained in A. This proves that 

I cue W^z . 
Jx 

In the case when Ab winds around some component of A, we apply a residue 
formula and induction. To make this precise, let A'l = iJj^i f^'' a-W 1 < i < £, 
and consider the residue map 

N 

H'imo,s\A, B\B n A) ^ H'-\A,\{A, n A^), {B n A,)\{B n A, n A'r)) , 

i=l 

and its dual map 

N 

Heimo,s\A,B\BnA) ^ ^ Hi^i{A,\{A n A^),{B n A,)\{B n A n A^)) . 

i=l 
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Suppose that [As] £ Hi(Tlo^s\A, B\Br\A) is the image of a class [Y] e Hi^i{A^\{Ain 
4^), {B n A,)\{B n A, n A'r)), for some 1 < i < A^, where Y C A,\{Ai n 4^) is a 
smooth compact submanifold with corners of dimension £ — 1. Therefore re- 
sembles a narrow tube around Ai. By taking the residue along Ai, we get: 



(jj = 2z7r / Res w 
Ab Jy 



A, 



The corresponding period is therefore 2m times a period of Hi^i{Ai\{Air\A'!^, {BD 
Ai)\{B n AiH Af)). Since Ai is itself isomorphic to a product of moduli spaces, we 
can repeat the argument inductively. We conclude that, in all cases, 

Jab 

where Z[2iTT] has the natural filtration which gives 2iTT weight 1. 

8.6. Some simple examples. In the following examples, it is convenient to work 
in cubical coordinates xi, . . . , xe- At each stage we take canonical primitives (as 
described in ii8.3(l with respect to xi or xe- This is because the projection maps 
onto xi = or X£ = are fibrations f il2.3|l . and so we can use the method of partial 
fractions to find primitives. At each stage, one can re-confirm (using dihedral 
coordinates) that the primitives have no poles along the boundary of the domain 
of integration Xs,s- First, assume \S\ — 5, that is S* = {si, . . . , S5}. We compute 



X 



s.s 



dxdy 
lo Jo '^-xy ' 

Following i)8.3l we take the primitive of ujs^s with respect to the variable y. This is 

F = - log(l -xy) — , 

X 

which vanishes at ?/ = as required. In dihedral coordinates H7.29|l . this is = 
— logui3 c?logU24, which has no poles at finite distance. Then 

/_ ^s,s= ^ / -logUi3dlogU24 . 

The only face on which the form does not vanish is the face Dij^ which is defined 
by ui4 — 0, U25 = U35 = 1, which implies that U13 = 1 — M24 by H2.10|l . We obtain 



/ ^s.s= [ -log(l-a;) — 

JXs,5 Jo X 



Notice that the form log(l — x) dx/x is continuous on the interval [0, 1) but has a 
logarithmic singularity at a; = 1. It has a unique primitive which vanishes at 0, 
namely Li2(x), which is now bounded at a; = 1 by lemma l4. 101 We conclude that 

(8.5) h = [ u;s,s= [Li2(a:)l' = C(2) • 



Now let \S\ ~ 6. Consider the following integral on Tlofi'- 
^ f dti dt2 dts f dxdydz . 

^ /o<ti<t2<t3<i 1 ~ *i *2 ^3 - ti J[o,i]^ i^-xyz){l-xy) Jx^ '^'^ 
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The last formula shows that / converges. Working in cubical coordinates, we have 



h = 



[0,1] 



log(l — a;2;z) 1 1 dxdy 



xy 



Q 1 — xy 



log(l — xy) dx dy 



[0,1]^ 



xy 



xy 



Using partial fractions with respect to the variable y, 



log{l-xy) log(l-.xy) 



'[o.i]2 xy 
We conclude that 

(8.6) - 



1 



xy 



dx dy 



1 r 

z 



^'^2ixy) + -log^il~xy) 



dx . 



2x 



dx = 



Li3(x)+Lii,2(a:) =C(3) + C(1,2) 



At each stage one can verify that the canonical primitives we have used above do 
not introduce any new poles along the boundary of the associahedron dXs,s- For 
example, the first primitive can be written using H7.32|l : 



log(l — xyz) dx dy 



log(wi3) 



8.7) = tJ5,5 , 

xy I- xy U24U25 

where ^5^5 = (1 — xy)~^ dxdy is the pull-back of the canonical 2-form on Z?26 C 
9JIq5 along the map {x,y,z) {x,y) : 5Ho,6 ^ 9^o,5- It has no poles at finite 
distance by definition f lemma m|l . Furthermore, we know by H2.10|l that 1 — 1*13 = 
U24U25U26, so (|8.7|) has no poles along Xs,s as required. 

To show how lower weight multiple zeta values can occur, let us also compute 



dti dt2 dt^ 



0<tl<t2<t3<l 



1 



y dx dy dz 



hts-hts J[Q^^^3 il-xyz){l-xy) Jj^^^ 



"25 Ui4LJs,S 



By applying a dihedral rotation, and referring to l|7.32() . this is just: 

dx dy dz 



W14U36 iOs.S 



[o,i]3 (1 - xyz)'^ 

Integrating with respect to the variable x, we obtain by (|8.5II : 



h = 



xyz 



1 dy dz 
yz 



lo.iY 



dy dz 
1-yz 



C(2) 



9. Appendix 

Let M be the complement of an affine hyperplane configuration, as defined in 
§3, and let F denote its ring of regular functions. In the case where the de Rham 
cohomology ring H*(F) only has quadratic relations, we can prove directly that all 
higher cohomology groups of B{F) vanish. 

Theorem 9.1. Let F be the ring of regular functions on an affine hyperplane 
arrangement M such that H*{F) is a quadratic algebra. Then 

HDRiB{F)) , and iJ^R(B(F)) ==0 for all i>l. 

Proof. Let A C ft*{F) denote the algebra generated by the 1-forms wi, . . . ,ujn G 
H^{F), where cui = dlogai as defined in Let Vi{F) = ^^^^kuj^. Let T 

denote the free tensor algebra over Vi . We can view A as a quotient algebra of T 
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of the form A = T/TQT , where Q consists of finitely many quadratic relations 
qi, . . . ,qt of the form 

(9.1) 9' = X! ^^j'^* ® for 1 < Z < i . 

Now recah that n*{B{F)) = n*{F) ® ®^>oVrn{F). The weight filtration on 
n*{B{F)), defined by W^n'B{F) = Q'{F) ® 0Jlo Vj{F), gives rise to a spectral 
sequence with Eq terms 

EP^\BiF))^nP+\F)^VpiF) , 

which is bounded below and exhaustive, and therefore converges to the cohomol- 
ogy of B{F). Consider the differential subalgebra A{F) = A 0„>o V,n{F) of 
r2*(_B(i^)). It also defines a spectral sequence with Ei terms 

Ef'^AiF)) = HP+^{A) Vp{F) = RP+^F) ® VpiF) = EP{\B{F)) . 

It follows that H%B{F)) ^ W{A{F)) for all i > 0, and it suffices to show that 
H*{A{F)) is trivial. Therefore consider an element 

f = aijojj, A . . . Aujjjuj^,\. ..\lu,J e A'»Vm{F) , 

I={ii,...,im) J=Ul,---,jn) 

such that df — 0. This implies that 

a/_j A ... A ujj^^ A LOi^ = for all 12, ... , im ■ 

ii,J 

Because A is quadratic, this expression (viewed in the tensor algebra T) decomposes 
as a sum of relations of the form wiq''W2, where wi,W2 G T. If W2 is of degree ^ 
in T, the corresponding relation is already zero in /. We deduce that / is a sum of 
terms 

t 

where uj^i G A. Each such expression has a primitive 

t 

This is integrable: it maps to under A^ for k >2, because / is integrable, and it 
maps to under Ai because of the quadratic relations l|9.1|l . It follows that every 
element / G A{F) of weight > 1 such that df = has a primitive. It is easy to write 
down a primitive of any element of weight 0. Thus H^{A{F)) = for all i > 1, 
which completes the proof of the theorem. □ 
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11. Index of notations 

We list the most frequently used notations, along with the section in which they 
are first defined. The integers n = £ + 3, where ^ > 0, are fixed. 
Section 2: 

6: A dihedral structure on a set S with n elements. 

(P^)": The set of n distinct points in the projective line. 

dJlo^s- The moduli space of curves of genus with points marked by S. 

371q_5: The partial blow-up of $Ho,s with respect to 5. 

mio,s: The full blow-up of OTo.s- 

C(^o,s)5 The ring of regular functions on Tlo,s- 

Xs,s' The set of all chords in the n-gon {S, S). 

Xs g- The set of all partial fc-triangulations of {S, 6). 

{hj} ~x {k,l}: The chords {i,j},{k,l} £ xs,s cross. 

{uij : {i,j} € Xs,s}'- The set of dihedral coordinates on 9}lo,s. 

{xi, . . . ,xi): The set of cubical coordinates on 9Jto,s- 

{ti, . . . , ti): The set of simplicial coordinates on 9Jlo,S- 

{xf, . . . ,x"): The set of vertex coordinates corresponding to a € Xs 5- 

Xs,s'- The open associahedron Xs,s C 9}lo,5(K). 

Xs,s' The closed associahedron Xs,s C OJIq si^)- 

Fiji The face of Xs.s corresponding to the chord {i, j} £ Xs.s- 

Fa'. The intersection of faces f]^- ^j^^ Fij corresponding to a G Xs,5- 

fr' The forgetful map /t : OJlo,s 971o,t- 

TTin: The cubical multiplication map. 

TO a: The simplicial multiplication map. 

Section 3: 

A: An alphabet. 

1j{A): The free tensor algebra on ^. 

in : The shuffle product. 

A: The coproduct on the shuffle algebra. 

e: The counit on the shuffle algebra. 

da- The operator acting by truncation on the left. 

M = ufLi Hi'. The complement of an afflne hyperplane arrangement. 

Om- The ring of regular functions on M . 

B{Om) = B{M): The reduced bar construction on M. 

Bo^i {E): The relative bar construction on E with coefficients in Om'- 

/cjei, . . . , ei\: The differential fc— algebra of Laurent scries in ei, . . . , e^. 

U{ex, . . . , eg}: The differential fc-algebra of logarithmic Laurent series. 

up(i?, e): The category of unipotent pointed extensions of {R, e). 

ut(i?,p): The category of unipotent pointed extensions of {R,p), where p 

is a base point at infinity. 
^R/R' '^^^ relative unipotent closure with respect to a one-dimensional 

fibration R ^ R. 
Section 4: 

Up^q'. The open real complement of the coordinate hyperplancs in M*' xM^. 
Vp^q'. The open complex complement of q coordinate hyperplanes in C^^^. 
^an. rjij^g sheaf of analytic functions. 
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_^iog. fpj^g sheaf of analytic functions with logarithmic singularities. 
J^^^ : The sheaf of analytic functions with ordinary and logarithmic poles. 

Section 5: 

S: A set of points {ctq, . . . , crjv} C P^. 
Oe: The ring of regular functions on P^\S. 
Section 6: 

(j-<n-i. rp-j^p configuration space of n — 1 distinct points in C. 
Aiji Logarithmic 1-forms = d\og{zi — zj) on (P^)". 
tij : Generators of the infinitesimal braid algebra, where 1 < i < j < n. 
^KZ' The Knizhnik-Zamolodchikov 1-form on (P"'^)". 
Siji Infinitesimal dihedral braid elements, indexed by € Xs,6- 

iVij : Logarithmic 1-forms cuij = d log Uij . 
fls,s' The canonical dihedral 1-form on 9Jlo,S- 
^S,S'- The dihedral braid algebra. 
^s,s' The completion of the dihedral braid algebra. 
V^: The set of vertices of the associalicdron Xs.s- 
Ly^g: The generating series of polylogarithins on 9Jto,5. 
L''''^(9Jto,s): The Q(9Jto,s)-algebra of polylogarithms on 9Jlo,s whose reg- 
ularised value at the vertex v gV^ is zero. 
Py^s' The realisation isomorphism py^g '■ B{DJIq^s) — * L^'^i^>^,s)- 
Z: The ring Q[({2), C(3), . . .] generated by all multiple zeta values. 
Section 7: 

ujs.s- The canonical volume form on fJJto,s(]R)- 
Is,siceij)'- The period integral over Xs^s- 
"^s,(5(w): The framed mixed Tate motive defined by u. 
J7(e): The multiple zeta volume form. 

L|;(9JIo,s): The algebra of polylogarithms on 9Jlo,s with Z coefficients. 
L^2^ {dyio,s): The subalgebra of polylogarithms with no poles along dXs,s- 
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